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" Final Report

" The Cambridge Conference on School Mathematics (CCSM) *

* NSF Grant GE 1515
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- conferences. 'CCSM has been concerned with:
A A. School Education ‘ :
. - The main activity in this area was the Cambridge Con—
i ference on School Mathematics held in Cambridge,
Massachusetts in, 1963. Subsequent activity arising
. from the original conference led to workshops held - |
in 1964 and 1965 and a series of feasibility studies
carried out in the classroom. A joint conference
was held with United Kingdom mathematics curriculum
‘developers at DitchlﬁiiPark in Oxfordshire, England.

PO

v . B¢ Teacher Education -
T + . The main activity fas a conferernce on teacher educa- .
tion held at Pine Nanor Junior College in Chestnut
"Hill, Massachusetts| in 1966. Subsequent activity
.a;islng from‘this cM¥ference included some in-ser--
, tvice teacher training work in Lexington and Newton,
S e e L 'Massachusetg® and ig Princeton, New Jersey.. - Pre-
. -'8ervice preparation work took place at the Univer- -
sity of*California, Berkeley; Indiama University;
Téhchers College, Columbia University; Boston State

. N
. ", LIRS
«

N o CQllege and other state colleges in’ Massachusetts. .
» ’ . .‘;" * .

L » - ’ )

. : . The Cambridge Conference on Schoql Mathematics‘(CCSMi-Was an-asseeia-
t+on of promineg} mathematicians who had avconcerhlfgt @athematics:education
at schoolllevel; from kindergarteh through_gtade tWeive,” Since 1963 with
Natiénai Science Foundation support and under the auspises of Education Dev-

“elopment Center, these_mathemat{cians have-srganized-thrée main cpnferenees

on umthematics and_have'ca{ried on activities related to thé'findings of the
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*  Mode of Operation

._2_: |
C. Integration of Mathematics and Science Education ' L \\\. )/

- A.third conference was held at Pine Manor in 1967 P
.. .to consider the integration of primary school math- O
ematics and science. ' The main activity arising from -
‘this conference was classroom trial of ideas in Lex-
ington 'and Bridgewater, Massachusetts; and Chicago and N
* Urbana, Illinois.  The outcome of these trials was
a new program entitled Ungfied Science¢ and Mathematics
for Elementary Schools (USMES) which has superseded
CesM. N |

1
~

Thé-CCSM-did not carry a large permanent staff. The main classroom

activities of the program, the feasibility studies ‘and the'teacher educa—‘:

_ tion'development'were.carried out by'consultanés. Program continuity was

A

maintained by a small core of key consultants acting as a steering commit- .
g _ e

.tge and by a small pért time administrative staff at EDC. A full time .

stéff member was employed in oply one year of the seven years of program

- 5 o
activity.

' Activitieééofcthe prqgram,}conferences'and classroom operations, were
initiatéﬁlby‘tﬁe steering éommittée and by'opher'mathematicians receivihg
steering'Committee support fo; classroom_tfials of recommendatioﬁé made at
the conferences. In ;ome.cases thg,mathematicign himseif taught the.classes

concerneig-and sometimes the usuaf class teacher taught under the guidance of

the mathematician. | S . N

Lo

o

A CCSM Philosophy

- : R :

It would be wrong to think thTt initially there existed a strong CCSM
philosophy which the program was created to prémulgate. The first confer-
ence was a meeting of mathematiciaqé and users of mathematics and included

many people very acéive in curriculum development in school mathematics.

. ! ) ' ‘ .
These people had developed different styles in their curriculum work and laid
. - oS . . K . . ¢ .




femphgsis inIQiffergnt-places."During‘the discussion at the conference it ~

PR

. e ) o £
was possible to identify commonly accepted goals and to reach some agree-

ment_on'how such.goals could be achieved.

The question asked soon after the first confe;encé was ?'Can fhe child-

~ ren learﬁ.the.mafhematics proposed?"“ After experienée gained through the.

hfeasibility studies in the classrooms it,was appreciéted that children can

e

deal with quitejéhvanceqt0p1Cs\if they aig*ﬂlﬂdwed to approach them in a

" mahner suitéble'to their age. The question now is.whichﬁof-the'many topics

\ G '3
2 ..

possible‘hili be most suitable‘and‘déeful in.a séhool'to&ise.u
" Experience gained from the feasibility studies alB& reinforced the CCSM

feelings about the need for‘pupil actiqity and discovery metho{? in the learn-

| ing process. There was an increasing awareness-that in many cases the mathe-

~ the desired mathematical goals.. Classroom experience with the feasibility'.

matical ability.of the children is being destroyed byhthe_confinement placed -

on learning by the teaching methods used. Somefpeople'connectéd with CCSM

Lo~

became strong advocates for the'open classroom, for éarning by manipulation

and the use of materials,.for a'ibosening of curriculum -demands and for the

L. *

' enéouragement of open-ended learniné in which the child is allowed to develop

T

his mathematical thinking to the limits of his desire and immed#iff ability.

I%'this new mathematics education the tea@her role changes to one of advisor,

L

guide, mgpéoi, helper and sometimes teacher.
| Léstly,*the CCSvaecame very concerned about pré—serviée teacher éduca—

tion, The first_ggglg report intentionally igﬁor?d the restriétions téachers'

capabilities could put on curriculumrimprovement and merely stated what were

1

studies brought the realization that no .long-term improvernent was possible
¥ : : .

v s

uﬁless%célleges_ ehgaged-ik;educating teachers, examined the content and’ ped-

agogy of their own mathematics courses. The problem was that new teachers

/




curriculum reform needs in mathematics "with aview to a long-ran e future."
. g

_.The deliberations of the participants, a group of twenty-five mathematicians

~ -

leavingicollegeKWere.not only inadequately prepared‘ﬁo deal with content_

1 b ~

_but also by precept and example in their own learning in college, they o .

» ' “

:had been indoctrinated into a non-active, non-mahipulative, non—discovery,

-

non-participatory approach to teaching. Ihe later efforts of the. CCSM were

\\

aimed at obtaining experience in,teacher_educatioq and encouraging experi-"

mentation in teaching_in'mathematics eduCatiop at teachers"colleges. Thus, :
during the. years, as the ccsM emphasis on- discovery learning and the use of
materials has increased, it has been forced to focus its attention on pre—'
service teach\r education.

The Unified.Sciencé'andtMathematits for Elementary Schools-(USMES) pro-.
gram and the teacher educationhprograms propdsed by Professor Springer*of

¥
Indiana University are examples of the activities reflecting the views of

many who worked with CCSM Others connected with CCSM proposed another sim—
ilar activity,”entitled Cooperative Mathematics Course for Elementary.Teachers,”

- which was not- funded. ' Y

b

]

A. School Education . = o ‘. .

The first/COnference,.which gave the program its title,’watheld in
o ! . s . weo
Cambridge, Massachusetts, in the summer of 1963. Its purpose was .to explore

users of mathqnatics, were published by’ Houghton Mifflin Co., Boston, in a

report entitled Goals for Schoql Mathematics * In this report the partic1-

pants, free from the bonds of pradxical considerations which govern present-

3 ’ \ " \

.
\

*List of Participantsjin.hppendix B, Summary.of Report in Appendiﬁ C.

I f .
N.__ :. ' v e
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,'day curriculum reform were able to outline their exploratory thinking -

".for what at that time, seemed the distant future.- Thé suggestions for

-:continuing work of mathematics curriculum reform gave ‘rise to consider-

"able.comment and discussion in’education'and mathematics circles. . The -
. . . . . \ * . .

Untted States Commissioner of Education'at that time, Mr. Francis Keppel,
~commented- in the Foreward'to the report:

"The present report .’ . is characterized by a complete
~impatience with the preszmt capacities of the educational
system. It is not only that most teachers will be com-
- pletely incapable of teaching much of the mathematics set
forth in the curricula proposed here; most teachers would
be hard up to comprehend it. No’brief period of retraip-
ing will suffice. Even the first grade curriculum embod- .
~ ies notions with which the average~teacher is totally -
unfamiliar. o :

-"None the less, these are the curricula toward which the -+ , - B

o schools should be aiming. If teachers cannot achieve them

today, they must set their courses so that they may begin
to achieve them in ten years, or twenty years, or thirty.
If this is what the teacher of the future must know, the
‘'schools of education of the present must begin at onte to
think how to prepare these teachers. There must still be
short-term ‘curriculum reforms, they must look upon them-
selves,. as constituting.a stagp toward the larger, goals,'

4

An oral description and a printed summary of the findings of the con-

'_ference were presented at a joint meeting of -the American Mathematical

‘Society and the Mathematical Association of Ametica in 1963 and in Boulder,
Colorado and arOUsed considerable interest-and some excitement. Professor

Peter Hilton reported on the Conference at the International Congress of
A

| Mathemat cians in Moscow in 1966 Following the cOnference and as a re-

N

sult of the impact of the.report on  the mathematical world ** ‘there was .much.

activity preparing classroom material based on the ideas of the report and

r
: 4

‘some classroomnexperimentation with this material. The‘CCSM itself, in two
workshops in 1964 and. 1965 and with thetassistance of several of the origin.
._l'

*Hilton Report in Appendix D. ‘ -
**Sales and Distribution of three Goals Reports in Appendix E.

’

» .
. R . -
>~ .
)
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al conference participants, prepared materials and subsequently carried-
" oy ~ Ci\
, out some classroom eXperimentation with thesz materials.. Others, work-_

ing independently, have used the ideas of the Goals report to develop - .-

their own materials and to initiate eXperimental programs. ST -

The’ CCSM, however has never felt that it was principally engaged i

s »

- the preparation of material for classroom use. The materials deVeloped
Q : \\n\' I)\,/ .

_ were not a curriculum, but rather isolated units’ ﬁk %athematical education f. N -
'9which were used in_ the classroom to demonstrate that suggestions in the .. ; ?/l
Goals: report were possible and acceptable,. After very preliminary tryout :
to show feasibility, the materials were“made available to the mathemati-.

6Fal,and educational community for more widespread trial and more extensiVe

use by those interest d.,* Copies of the Feasibility Studies are now avail-
able through ERlCInfixmation Analysis Center for Science Educafion, 1460 _ ” _'- ;
We8£ Lane Avenue, Columbus, Ohio 43221 ‘ o : S .
This first conference of the CCSM focussed the attention of the‘educa-
| tional community on the farwreaching changes being envisaged in mathematical

o

education. The‘confer_':

poke with authority-because_the participants

- included not only many eminent mathematicians but also many who'were already

° . —

deeply involved in developing curriculum materials in mathematics.
IR . -

The importance of ‘the conference and of its findirgs is also reflected

-

in the world-wide interest in its report. ' Requests forqconference reports

.

.have been receiVed from Europe India, the!Far East, Africa, Australia and

countries in Sou ‘ America,

N\

. Pu _cations-on the first CCSM-conferenoe included' /} )

. \
' (a) Goals for School Mathematics (Houghton Mifflin,
. . 1963) - ‘ P \ | |
. (b) "The(tambridge Conference on School Mathematics:" : .
" AReport, W. T. Martin, 1965

*List of Feasibility St\pies—in~ﬁppendix F,—‘>J ’ | EEEE . . <




(c) The . Continuing Work of the ngbridge Conference
‘on School Mathematics (CCSM), Peter Hilton, "The
Arithmetic Teacher", February 1966.

Copies of these publications are enclgsed separately;

.The bitchleyponference on School Mathematica of'Two Countries

The National Science Foundation,'the-carnegie Corporation and the
_Nuffield Foundation provided funda for this conference,_ For some. of the.ﬂ-
participants the conference was a Ueginning of a useful . exchange of ideasl
and methods which has proved to be extremely beneficial. It gave added
impetus to a’ movement which has brought new ideas into primary “school edu- '
. cat{on_in_mathematics and which now appear to be Spreading into many partsl

. of. the United' States,. o8 ; _
A report on the Ditchley Conference by Earle L. Lomon appeared in -

the December 1967 issue of the American Mathematical Monthly.*’ A copy'
of the report is included with the publications on CCSM activities: A
report by Professor Bryan Thwaites, co-chairman of the conference, is

~ also included.
' ' S ) ' LA
B, .Teacher'Education |

Experience in. developing the feasibility studies directed thﬁeﬁ?ention :
.of the CCSM’towards the problems of the teachers of the future who will have
to teach the mathematics suggested by the original Goall report.ualt was
| '..clear that\present day primary teacher preparation procedures pre-service and.
‘in-service were ?nlikely to produce the sort of person’ who would have the
mathematical knowledge or the pedagogical philosophy needed by the proposed
vnew curricula in /mathematics._ Co o . :

A conference to consider the problem was held in the summer of 1966.

’ Its main objective was to establish guidelines ‘for the mathematical prep-

*Append\




e ,
o "l__ _ . "_- . _ *_
aration of teachers who would be flexible enough to cope with changes in
'schoolnmathematics_curricula, |
o g - The outcome of this conference.was'reported in a second‘ggals book
@'li _- published. by Houghton Mifflin and entitled Goals.for the Mathematical »

.

Education of Elementary School Teachers. In this report the CCSM made

~

| firm recommendations, with alternatives, about the content. and pedagogy
. F _ _
required rn a good teacher education program for mathematics. A summary -

-

of the-report of the conference* was given in January 1967 at the'Annual' '

v

: Meeting of the Mathemathcal Assoc1ation of América.-
- Once again some of the participants in the conference decided that - they
' would;like to put into practice some of the ideas discussed at the conference>// :

Teacher training Feasibility Studies werewdone at Boston State College, and"

three of the local state colleges in Massachuseits* at Teachers College,
Columbia University; at the University of California, Berkeley, and a;‘lndi-'-:

ana University. These studies are now completed and haverbeen sent to'ERIC.**%

In the meantime the Berkﬁ!!y\qﬁterials have been distributed .to. some

collegeg in California which have'expressed interest in trying out the ma-
| & y | _

_ : _ ’ S
terial. The Boston State Co}lege'materials'are also in continuing use. The -

Indiana University has develéped a much larger teacher education_program as "

a result of its earliers CCSM experiments.
v . ] —

_ Also, as.a result of this conference,a group of interested people dev-
S . _ 0P g

elopedra proposal for a program which would encourage the initiation of

improved courses in mathematigs at state colleges which prepared teachers.,
H . N t o . -

: T ' -
- This propdsed prpﬁect was known as Co-operative Mathematics Course for Ele- !
/ -

: : \
mentary Teachers (CMCET). T Unfortunatel( funding was not available.
( o o " '

R YR . , : , S -
.- ‘::, - *Summary of Report in Appendix H. _15 - : i
- *%ERIC Information Analysis Center for Sclence Education, 1460 WestvLanq(
Avenue, Columbus, Ohio 43221. - S
" 4The materials produced by these efforts are bulky and are therefore <
.ERIC. - attached to thie report along with-several other published CCSM worﬁs.




ing in—service work. with teachers in Lexington and Newton, Massachusetts

.

ibility studigs in teacher education were undertaken includ—

N.

‘

: In this project mathematical consultants, by means of classroom visits and

. .
telephone access made themselves available to. teachers ‘trying out new units

~The few teachers who made full use of the assistance offered benefitted

~ ‘from the ready contact with advisers However, in a fully developed scheme

v’

‘of this sort one could expect that teachers would require quite some time to

' Teachers is enclosed'with other CCSM-publications.

_become accustomed'to the avaiiability of assistance, before it would be

.

used to its full potential *

Another in—service teacher effort was undertaken at Princeton achiev—

o
>.

ing some very fine results with children. Unfortunately support of. this

»

effort had-to be cut off.

" A copy of-Goals for Mathematical Education of Elementary School

+* - . L

C. Integration of Mathematics and Science Education

! . ) ]

The growing concern about the gulf between school mathematics and school

" science was the reason for the'third-main CCSM\conferenCe which ok place

in the late summer of 1967. The yarticipants in this conference -including

[

~ many of the leaders of school curriculum reform in mathematics and science, -

- ¢ i

fouhd that there was considerable amoint of ggreement on the benefits which°

.7mathem3tical education could derive . om pr0perly directed scientific activity,

'and on the need for mathematics to support science and education. The exist—

ing traditional and new curricula in. mathematics and scignce were examined _

critically. A as'of possible cooperation wete identified and-areas of cur-

riculum conte of questionable value were. subject to thorough examination

A
v . 1 N

Professor Andred/g}ﬁﬂson of HarvardFUniversity writing in "TBhe Bulletin :

¢ . ’ . .
s . - T . e

-'*Report_on-the Consultant. Access Scheme in Appendix L. R 1

L3
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.:‘li  fast we could force-feed our scientifically talented'

- Correlation of Elementary Scienceuand Mathematics.* A summary~oﬁ the re-

.1American“Association for the Advancement“of'Science‘in New York and at the .. -

of the National Associ tion of Secondary‘School Principals" said

. "education in scienceé and mathematics was not’ to be . -

“ciation of America.

. ) . . . - .. . . ¢ . . . T . T
. » . .
SN i L .
. 7 : . cO . . R
s - . . . . . -
. ., -1 - . : . K - ** .
co ' v . . .

4

4
I

-( "The e.dére two uléhcar agreements reached at 1ast _fM _ f_
' .sumieY's , conference. ‘The fitst, although extreme-
- ly important was easily arrived .at. We agreed that

- thought of in elitist terms. We were not trying - ‘ Ty
to "beef-up" the curriculum in an effoft to see how B

‘youngsters. Quite the~contrary - science and math-.

‘ematics have become such an integral part of our T

: civilization that it is essentiai to make: them mean- '

’ .
- AAA\
«

"Our seconcL major agreement was. to think not in tef.‘ms < 'A Mo
‘of' coordinating mathematics. and science instrue

" but in terms of integrating them. Instead of ﬁné>
sepatate mathematics and.science classes. trying,to .

‘voted to both subjects and emphasizing -at-any particu-'r . Lo
| .- lar time whichever discipline seems.appropriate. This’

.ly. ,

‘The repétt of the conference on’ the Integration of. Mathematics and
(i

,'.Science vas published by Houghton Mifflin under the title Goals for the

port was' presented at the December i967/January 1968 meeting of the . ,:Afﬁ;

Annual Meeting of the American Mathematics Society‘and ‘the Mathematics Asso-
e * '™

This book has quickly aroused widespread interest and o

seems likely_to_have“an impacf in somé ways similar to the first Goals book.
. - - . N . N . , . ' I » . .
At least one university has included it in the required reading list, and

“

1

the{e‘have bden very many requests for copies.and information from as far

'afieid as the United-kingdom'and’India. ‘ o ) S

A

Local interest initially aroused at ‘the Conferenif has been main-’

tained and increased

”~

Feasibility studies carried out in Massachusetts and

. . . - » _.

y e Nt -

I3

r-ingful to every school child., * ] . K o .

" keep pace with each other, we wafit a singIe ‘chads de- | L,

1s a signifisant decision amd one not to be taken light- I

~

-

-_wgummary.ofthﬁ\feport in Appendix J; a review of ths Report i\\Appendix K

+
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LY

\ 'Illinqis"have leg to the,fnnding‘ofva new program, Unified Science‘and Math-

- . : ! ) w .
- ferente has been a continuing co-operation between some of thé& currigula dev-

" be an'.integral part of backgroundvmaterigi for'teachere inplementing USMES units.

ematics for .E-lelﬂentary Schools ﬁJ\S S), whicltwili- attemf)t" to- implement some

of the suggestions made at the:eonfe ence. One_pleasing outcome. of - the con-

A\

¢ .
1

elépment groups which participated. Some of the CCSM Feasihility Studies will -
. ° . . . . . (
.b ) ‘ . /

'Conclusiog B - o /

7

\

‘ . ._" The paragraph which -follows was inclnded in 'th'e original“CCSM,prOposal 0

.

presented to the National Science Foundation in Novembej|1962. I \;g\

LY for no other reason than that of time-scale,
the present proposal should” not be considered, to
affect the continuation of curriculum reform pro-
. grams now in’ progress, nor the initiation of others.
‘ A new structure will not spring into being oOver- .
+ _ -night. Once created, it may be expected to enter
’ the educational system quite sloyly over a long’ per-
-1od of time;, quite pr0perl the -.educational system,
with its close assocatien 't %ﬁ the general cultural
outlook, possghses great inertia and does not nor-'
* _ mally accept sudden major change. The most successful
~ process 1s ‘'likely to be ome in which revision within
+"  the conventional structure is carried on contemporan-
- eously with a revision of the structure itself, and

D “1in which the activities interact with on another and
~,,/ ' over the long term join in effecting a (fuhdamental:
<:L o changefr, , .

»

v

’

.‘“.1ts'part in.bringing‘abont:majof'changes in school curricuium, in focusing

@her! is little‘que%}ion that since 1962 there has been a fundamental‘

. change in the views of- educators and mathematicians about school edu-

also hasqhelbedfmathematicians to understgnd and appreciate the role

/

rcation and particularly'about\primary school education. The CGSM has

. \// . ‘ . ’ [ . “ ‘r
played its part in bringing dbout this fundamental change. It has B

helped’ to.change the mathematical expectations of the e@ucators,- but

. A . ' N .
.of mathematics in the general education of children. The CCSM has played

N
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List d&f Participants
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e
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.  APPENDIXC . b
| GOALS FOR SCHOOL MATHEMATICS

B

Summary of Ebe Report

\‘A.-_ .‘ ’ .

The Cambridge Conferenc _bn School Mathematics

N , C .

A conference in-Cambridge, Massachusetvs, sponsored by the National

Science Foundation and administered by Educadional Services Incorporated, *
.was held June 18 to.July" 12, 1963, to discuss ‘the future of mathematics

curricula, The main purpose was to reconsider the structure of mathe- -
"matics education, and to sketch a Tough outline of possible new frame-
' work.for the primary and secondary school.” Some twenty-five mathematicians
" and mathematics users; from university or induskry,'attended the conference.’-_; oo
_ Tbe fields represented included algebra, geometry, " topology, analysis,

‘statistics, applied mathematics, physics, and . chemistry :

It was agreed from the outset that, in setting goals for mathematics

curricula, the -conference would have to defer consideration of the seri-

-ous and closely ‘'related problem of. teacher' training until its first task : -
*'was conipleted.  The conference-also took ‘account of the possibility that o -
_ there may- be instrinsic 1imitations on the ability of young children ° R,

to handle mathematical ideas; however it felt that the boundaries of -

these limitations, 'if they exist, are not well defined, and_there is as
~ yet”little evidence concerning the degree to which. they can “be changed
_ bywthe teaching process. Recognizing then that its work was necessarily
- of §ﬁtentative nature ,«thé tonference turned, to its main objective, the
' curricqlum ftom K~through lf :

conference found itself essentially in complete agreement on the
th%matical aims of the: elementary schobl '
o . _‘ \‘i .
: : ThrOugh thetdntroduction of the number line, the child would be ' - St
* ' - gtarted immediatefy-on the whole real number system, including negatives
S To be sure, at first he would have formal names only for integers\and the -

- gimplest rational numbers, but all of his work would keep.him -aware of "

tite existence of other numbers, and the fact that they too have sums,

_products, etc. By this wedding of arithmetic ‘and geometry at the pre-
mathematical level, the intuition of the child-would be developed and

exploited and the significance of the arithmetical operations enriched ) .

L Moreover, the child provided with these . complementary vieWpoints,
. would have-a very good chance to understand the essential nature of _ _
'-mathematics and its relationship,to the "real" world ~ L ’ e

_ The'order properties of thg real number sygtem would be studied
from the heginning, and would be used in inequalities, approximation,
~and ordér of magnitude estimates. : . L -
l‘ | “. ‘\\‘ ~- . ,r . | . .: . . B . . N . ) y . | | / N ,.l.‘ls.v

 #Now Education -Development Center L o _ o N




. .
-~

RN
. )

- " e use-of.Caft sian coo¥xdinates ("crossed"nﬁmber liﬂes)'would begin
' almost\as soon as the\number line itself. Moreover, e agree with
' Freudentjgal and other pioneers, that an-early development of the child's

spatial ‘Intuition is essentigl. Study of the standard .shapes in two and ) o
. three diflensions would continue concurrently, and would include discussion '
of their .dymmetries. _ ' S S "\ it '

" The notions of functions and set are to be us throughout;. of course,
‘set tHeory aihd formal logic should not be epphasize as such, but the child
should be able to build his early mathematical experidnce into his habitual -
_ language. Infiormal algebra should be taken up along with the arithmetic
- ¢~ operations.' \ . ‘ S o
_

\

’

v

_ 'The Conference agreed that reagonable proficiency in’ ithmefic'compu—
- tation and algebYaic manipulations is essential to the studegt of mathematics.
‘But, this is not \an argument in favor of a curriculum devoted yrimarily to
computation with dontrived numbers through the whole of grammal school. . Long
pages of addition4:nquultiplicatioﬁ-prdblems add nothing to’ a.Sudent's
underatanding of the ‘processes involved; nor do they teach - him when. to add
or multiply. At be tl-they‘improﬁe the computational speed of a s udent
who understands how \to dd\tﬁ%/;&éorithms-(an objective that by itself had
little appeal to the memberéiof the Conference); at worst, they diss pate
" or destroy the intere t that a good student has in the subject.  Enti ely.
adequate practice in. tomputation can be built into problems that, on their

b  own merits, genuinelyattract the student's interest.. e O\

| Bécaﬁseuof both its intﬁitive'éppeal and its basic importance, ther _

. should be an introduction o the elementary ideas of probablility and stat-—
istical judgmgnt, accompanied by-concrete experimentation with random pro-
cesses., * - : ' : : o : ' ,

-~

- The concern for molivation,-ap;lications, and ,the interplay between
mathematics in the physical world, is a constant theme of the conference
- report. This is constrained by the limited science experience in the '
_ elementary school., However, geometry itself offers a rich(area within
' . which the students can explore the relation between physical objects and -
their idealized mathematical abstractions. As the student's experience
deepens, it will be possible to introduce more sgphisticated models.

_ Having studied arithmetic and geometry, mostly informally, in the
. elementary schoel, the student will be prepared for a.sound treatment of -
. ‘geometry and the algrebra of polynomials, beginning in the seventh grade.
" . The mathematics curriculum for the secondary school can therefore go much
further than it commonly. does at present. The progr m of a student who
elected mathematics each year will, at the end of the twelfth year, have
containe@ a closely-knit preséntation.of calculus, linear algebra, and
p;‘:obab_il‘y, 3.nvol_vir_1g a brief introduction to other mathématical topics.

The conference did not reach any substantial agrtepdht as to the
‘E?der of presentation or ‘the specific content for'this?g}ogram. Indeed

" ghe multitudé ,of sound proposals suggest that there is certain to be no
" #unique optimal solution. Two arrangements ofzphe_material\proposed for

S | . _ . . o "_,0. : '
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The conference’ also arrived at other recommendatiops ‘which dealt
more with methods of’ presentation than with gpecific mathématical con-" % .

" tent., It was felt, for example, that it was desir able to adopt the

)

"spiral" approach, in which -every new topic is introduced early under

low pressure and is then reconsidered repeatedly each time with.more

sophistication, and each time showing more of its interconnections with o

th rest of the subject.. The result should be a sort of guided tour of
ematics. This approach has many important advantages. “In the first

place, the basic’ unity of the subject ig automatically stressed, More-

' over, in the upper grades, this approach implies that the student will

be exposed concurrently to a mixture of intuitiVe pre—mathematics and

rigorous mathematics, Provided that the distinction.is made clear to the
student this will give a much lore honest" pictureyof"what mathematics is,

.an - organism continuously growing through the interaction of intuition ‘and

.-logical analypis, rather than a, static structure walled about by sterile

rigor._ ARy AR T ' e

l : ecC d asgect of the same precept led to-the sugéestion that topics
- receive multlipl motivation. During the pre—mathematicab\stage of some 7

topics, it may be wisé’to give several different informal presentations,/

.each leading up to the desired goal (e.g." the rules for multiplication of

~ meal or:as part of some more extensive program. However, there must be 2
many further experiments to determine just what is possibld, and at what'

negatiVes) rather than to -leave students with the feeling: that there is '
only one correct road. Ideally, ‘this. should help ‘to coivey to.the student
the important fact that mathematics. is something one does, not something v

"that.one absorbs passively, One would hope to strengthen the. impression
' that a mathematical idea appeared first as the solution to some problem

by some person. The problems thus become a matter of importance -equal to
or even greater than that or the textual material itself. It was thére-:
fore felt that the design of imaginative problem Sequences ‘involving com-

‘binations of routine techniques and 'discovery' precedures was a matter of

the- greatest importance in curricular developmenhm .~ . "

There is much that must be done before the ideas in this proposal
can be implemented. Some - .of the suggestions in the report are already
being tried in gome of the current educational experiments, either piece-

1

age levels. Texts and supplementary materials will have to be written.
Unquestionably, the most difficult problem lies in the training of teachers,
upoﬂ whom the guccess or failure of currigular reform ultimately rests. Nor
is ‘this an isolated problem, for the pressure to advance our mathematical -

-goals .is being "felt at all levels of the profession, and one facet of qpe
problem cannot be solved in isolation from:the ‘others. - If the proposals
‘forimulated by the conference are to~béecome a reality within the foreseeable -
" ‘future, it 1s necessary that the entire mathematical community devote con-

‘siderable attention to the training of teachers at all levels.

‘the‘secondary level were developed.in”soﬁe detail. - R /\\ o

RS _J
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% The steering committee for this study consisted of E. G. Begle,
- J. 8. Bruner, A, M. Gleason, M. Kac, W. T. Martin (Chairman), E. E.
Moise, M. Rees P. Suppes, S. White, and S, S. Wilks. The conference . -

'was organized and administered by Educational Services Incorporated L3
- Watertown, Massachusetta, under a grant frot\the National Science Foung °

- dation.__. S » %_5_!'_ L. . .
The" following participated in the conference. o : _ .;J- S
| S o S |
4, Auslander o H. L. Frisch S H. 0. Pollak
“NE. G. Begle. - =~ . . - A, M. Gleasom = | M. Rees o
~ R™C.Buck - TP, J.fﬂiston .- . M. M. Schiffer =
- G. F. Carrier.’ 7. J. L. Hodges S G. Springer
1 J. Cole . L : - 8, Koenig - -~ - .P. Suppes
.. R. B. Davis - : " C. G. Lin . A. H. Taub .
R. P. Dilworth -+ . E. L.¢Lomon ‘' ; - S. S. Wilks
B. Friedman . . .. - . .E, E. Moise L ,J. R. Zacharias
e o F. Mosteller .o A

W

At ‘the close of,the.tonference a draft report-was prépared by R. B, .
-Davis, A, M. Gleason. E. L. Lomon, E. E, Moise, and G/fgpringer. This

‘draft report was reviewed and revised at two meetings held 1ate in Aug- ' o
'ust and attended by. ' : . S S

. . . . 3 . . ’-.' ) ) .
- Mo Auslander - A, M, Glegégg,)
“E. G. Begle - . " P, J., Hilfton

. E. Moise

A E

P H. 0. Pollak
'R. B. Davis . _ . 8. ;Koenig ) . "G, Springer
H. L.tFrisch' o .+ E. L. Lomon, . ° © 8. 5. Wilks;
: RS o W. T, Martin B .

'.By Max Beberman, Dir ctor, of University of Illinois Committee on Schoal
Mathematies, Walter' renowitz of the African Mathematicg Program of = °
£ducational Services" Incorporated and Dr.'Frank B. Allen, .President of
the Wational Council of Teaghers of Mathematics; and by John Mays and '
Richard E,- PaulsOn of the National Science Foundation.

8y ; | The full report is pow b ing prepared for publicdtion, and will be - _
- " available in the near future., In its cohpleted form it will run gome- . -
)fﬁhq“~where in the neighborhood pf 80 pages. 4
o . This summary of the full report was prepared by a sub committee con— -
‘o sisting of R. C. Buck P. J. Hilton and H. O, Pollak. . C
L ‘ _‘—. . . P : . ’ e
\. %&? - .]-"-' - . September 15, 1963
A ., . . L > . . .
o : oot k -~
#Now Education Development Center, Newton, Massachusetts |
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: the special role played by CCsM since its inception. in»the summer. of 1963,

* APPENDIX D

'CAMBRIDGE CONFERENCE ON SCHOOL MATHEMATICS

International Congress of Mathematicians, Moscow, 1966 '
Report |

-
It was decided thatﬁa report should be made to the International

Cogfress of Mathematictans, Moscow, 1966, on the activities of the Cam-

bridge Conference.on-School Mathgmatics (CCSM). Professor Hilton, co- -

"chairman of CCSM, agreed to make the. report which was delivered to

Section.15 of the Congress on Friday morning, August 26.

I

Professor Hilton reviewed-the history of curricular reform in math-

ematics in the United-States, drawirdg heavily'on the'document written by

jDr Hlavaty for the Ditchley Park CCSM - SMP- conference. He then.discussed

'detailing ‘the activities_underEaken and laying particular emphasis.on the

¢ : . . y . : W

'flexibility.of-its'operations and its:attempt to prepare for future -

rather than present - needs in mathematical education. -A feature of-CCSM '

“O e

which aroused particular interest was the involvement of university mathe-

‘ :maticians.of'international reputation in the design of courses at the most

.,

A:‘elementary levels. . . . 5

‘ hd ~

Professor Hilton closed his review by referring to .the role CCSM had

-also-tried to play of bringing-togethbr representatives ofedifferent groups —

- and trends in curricular research to exchange ideas and information about

pnojects in progress Or about, to be undertaken. He observed ‘that such

c00peration should surely extend into the international field and gave

> b

f__ as his personal opinion the conviction that.an essential requirement was 2

the eatablishment of an 1nternational }hrnal of repute in which descriptive,
: : l
A . .
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. 'controvefsial and critical articles‘could be read by the scholars and-

A

! . . ' . o
- t:_teachers of the worl&‘with interests in mathematical education.

It is agreeable to report that the. session was remarkably well at-
tended (it should - be noted that the 15 sections met simultaneously) and
| .that the discussion was.lively and-constructive,,indeed, it was necessary
to allow 45 minutes instead of the usual 20 minutes for the report and
"~ discussion. Many requests were recelved for CCSM literature from European
mathematicians, and there was general agreement on the necessity for: an
international journal Two points of detail which recprred¥in the dis-
cussion were'the following: (a) 1t was asked whether CCSM has a distinc-
tive philosophy of mathematical education (explicity, does CCSM endorse
Polya's vieW'does CCSM favor the discovery method7), and (b) is it possible
‘*for university .mathematicians to contribute effectively to curricular
" work without exposing themselVes to a substantial amount-of classroom ex-
perience9 The second question in partf!hlar raises issues which are: very
much in the mind of members of the Steering Committee oﬁ’CCSM | ' 1
Professor Hilton was able to hold many informal discussions during
- the period of the, Congress with mathematicians of various countries (in-
- " cluding, of course, the Soviet Union) interested in problems of mathematical

education., These contacts should prove of great Value in the- subsequent

deyelopment~of ‘the WOrk of CCSM. - s : ) _ .
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L 'Sales and Distribution

 GOALS BOOKS

- The three Goals hooks were published by Houghton.Mifflin o
.. Company, Boston. Latest information on sales and distri-
- bution- of each book:

’5'
Sales: .~ 21,380 —~VGoa1slfpr School Mathematics [1563] . : '
Samples:. 4,107 . | | e,
Sales: ;, 1,848 - Gdals for Mathematical Education [1967] |

Samples: 3 343 .~ of.Elementary School Teachers

Sales : 1,688 ‘ Goais for the Correlation of Ele~ [1969]
- Samglgé: 1,597 ' mentary Science and Mathematics -

'FEASIBILITY STUDIES ‘
'Prior to sending the Feaﬁibility Studies to ERIC Information
' Analysis Center for Science Educatiop [1460 West Lane Avenue,
Columbus, Ohio 43221] distribution from the EDC office was as
follows: (approximate figures) - .

A total of 650 requests-were'received and answered,

. 1. 3,000 assorted’ studies have been sent in reply to 300

i " ~ requests. . . .

: L _ . |
2. 350 full sets of studies Have been sent in reply to.

the remaining ‘350 requests.

-
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Feasibility: Studies

_ , L. N
1. A Proposed Syllabus for the Seventh Grade : '
2. Elementary Modern Matthatics from the Advanced Standpoint o o
. 3. Proposed Program for the Tenth Grade :
4 ,4.0rder Structure in Elementary Mathematics - ' 7 . ' o

[ XY

5. A Problem _
6. Units S . “
*7. Probability = e - v
8. ‘Notes on Desirable Responses at End of Sixgh’ Year | |

A 9, Stream of Ideas on Checks, Approximations, and Order of Magnitude Calculations .
- 10. Complex Numbers Leading to Trigonometry
11. - Use of Negative Digits in Arithmetic
12. Use of Shift Theorem im Differential Equations
13. Topolegy in Tenth Grade and After .
14.. SMSG and the "Gifted Child"

e 15, What High School Juniors and Seniors Don't Know .
16. The Use of Units . :
17, Exploration: ' o

18. 'The Exponential Function " : .
19. , A Proposed Course in Ninth Grade Geometry '
20. Multiplication of Negative Numbers
21. Kindergarten
22, Morse School--First Grade (Inequalities Unit) ‘
‘23, Morse School--Second Grade (Multiplication and The Symmetry of Squares and
24, Morse School--Third Grade (Chip Trading & Symmetry Units) Triangles)
25. Morse School--Third and Sixth Grades (Graphs and Their, pplications)
26, Morse School--Third Grade (Vector Geometry) b "
27. Morse. School--Sixth Grade (Elementary Number Theory) Superseded by #35
28, Morse School--Slopes and Limits (Lessons & Commentary) ]
29. Report of Activities in Cambridge during July and August 1964 under CCSM
30. Experimental Teaching
31, Palo Alto--Second Grade (Geometry, Logic and Matrices) - . o
% 32, Stanford--Eighth Grade (Geometry through Symmetry) '
* 33. Progress Reports on Estabrook Project, Covering March 1964 through June 1965
34a, Demonstration of Mirror Cards to Estabrook Teachers - A
#34b. Informal Geometry for Young Children : '
34¢, Symmetry Motions for Elementary School (Parts I and II) '
* 35, Hosmer School--Sixth Grade 1964-65 (Elementary Number Theory)
36, Report of SMSG/CCSM Conferenced in March, 1965
* 37, Collected Reports of CCSM Writing Conference, Summer, 1965
* 38, Inequalities and Real Numbers as a Basis for School Mathematics
* 39, Geometry Report :
* 40, Symmetry Motion Classes’
* 41, Probability Lessons at Hancock Schyol, Lexington
* 42, "Inequality' Lessons at Adams School, Lexington :
‘43a. An Experimental Text id Transformational Geometry - Student Text
~ 43b, ' An Experimental Text in Transformational Geometry - Teachers' Guide
 * 44a, Geometry - Teachers' Guide :
* 44b., Geometry.- Children's Worksheefs '
* 45, Averages, Areas and Volumes ’
46. A Second-Grade Experiment in Mathematics

t

*Available from: ERIC Information Analysis Center for: Science Education, 1460 West
- Lane: Avenue, Columbus, Ohio 43221
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/' . o The Ditchley Conference

oI Mo
School Mathematfés Reform T
N _ in

' -sTwo Countries

Earle L.-Lqmon_

.- o ‘ {
The first wave of mathematics curriculm reform has crested in both
the United Kingdom and the United Statgs. Those initial efforts were
~ gensitive to the traditional curriculupm, school organization and teacher
//. ‘ preparation of each country. New curr cula had to'be;separatebrtested
-on a small scale before being committéd to large-scale usg within each
S country. Until these results were seen, it was unlikely that either
' party cdbld help the other sigpificantly. Published texts and reports
allowed the monitoring of the ideas and progress of the other party.

Now that both countries have had experience on a'wide scale with the
 "new math,' a second wave of new curricula is forming. At this stage
it is appropriate to capitalize on the ‘corrobative, contradictory or

complementary experience of the two countries.. For-such a purpose the
- Ditchley Conference was called, attended by American and British mathe-

maticians and -teachers involved in the development of the new ctirricula.

Xy

ol Initiative for the Ditchley Conference was taken by Professor Bryan
Thwaltes and Professor W. T. Martin. The former is director of the School
Mathematics Project (S.M.P.), the most extensive project of its type in
.. England. The latter is Chairman of the Cambridge Conference on School

Mathematics (C.C.S.M.). S.M.P. undertook to invite the United Kingdom

delegation and to obtain the conference facilities. The American delegates

were inwited by C.C.S.M,, whose participation was funded by the Carnegie
Corporation and the National Science Foundation., The major British. and

American curriculum projects were well represented at the conference; this

excellent representation indicates the degree of interest aroused in both
'COuanies.by the topic - a comparative evaluation of Americam and British

curricular innovations in mathematics. ‘The particlants are listed at the
“end of this article. - b A

*  The meeting was held September 9 - 11, 1966, in the comfortable
setting of Ditchley Park Estate, Oxfordshire. The Ditchley Foundation
‘supports the Estate ag an "Anglo-American Conference Centre." This note
ig intended to relate my personal impressions. A report for distribution
in the United Kingdom Rus been prepared by Professor Thwaites.

\
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" the .traditional separation of these materials. Important exceptions

]

G-11

. Professor Thwaites and Professor Martin, tha co-ghairmen, skillfully
preserved a relaxed atmosphere. The topics:of the plenary and group
sessions are appended. I 'shall make no attempt to relate my remaxks to
particular .sesgions. ; - . : ' a

) : _ : : \

As- the two.delegations we‘e sufficiently sophisticated to learn as
much from differences @s from similarities in the two countries' mathe- .
matics programs, the conferees were alert to variations of accomplishment
and attitutde. A difference affecting all of the secondary school pro--
~ grams is in the degree to which geometry is integrated with algebra or -
analysis. SMSG and other widely used new American texts largely maintain

occur in the presentation of such toplcs as graphing. In the texts of

.~ S.M.P. and of the Midlands Mathematical Experiiment, these subjects are

- interlaced in each term, with frequent crosszieferencing. Atrelated
divergence 1s the larger degree of systematization and foimality in

the American courseg., Historical reasons for these differences are_dis-
cernible, but it is more interesting to inquire about. the present reactions
. and future intentions of the two groups. . .

I digress here to. make a point I believe to be essential There is

a wide divergence of attitudes among those active in curriculum develop-
ment on each side of the Atlantic., The spread of opinion on eilther side
is greater than the difference of the  average opinion between the two. : .
countries. Any opinion or attitude concerning school mathematics ‘that has
substantial support in one country will have important advocates in the
other. Present differences of substapce are mostly due to the pressure
of historical and accidental circumstance. The actual diversity of opin-
ion in the United States is well known to those who have participated. ’
- The meeting displayed a similar diversity among the initiators of curri-

‘culum reform in the United Kingdom.

 The existence of reform curricula in both countries has effected‘e
separation from the historical requirements. This allows the succeeding
 reforms in each country to progressively approach a common result, Inmy
opinion the major circumstance causing the present dif ference of emphasis
in the two countries is the relative brevity of éxperience in the United
Kingdom with new mathematics in the elementary school. The first large-
 scalg elementary school project was introduced only last September, by
the Nuffield Mathematics Project. This project is sophisticated, and
well in advance of the first such Afierican attempts, However, its impact
has not yet been felt. For most of the British curriculum developers, this
.leaves the early sgcondary school mathematics as the beginning of the
¥gpiral" of mathemdtics ideas and applications. An intuitive approach
at thi® level 1is thus prescribed. The dominantly intuitive development
- of many topics 18 now expected by Americans to take place in elementary
school: It follows naturally that a larger degree of systematization

‘,
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and deductive reasoning is planhed for seconda;yﬁschoolfcourSes.' I
would expect a similar evolution in the United Kingdom to take place
between the comibg revision and the one succeeding it. ' '

- On the other hand, the'impact of the first reform has made th
American schools more flexible with respect to the orgamization of;

" topics. = The United States projects, will probably take the next oppor-

tunity to use saveral specific effective, examples, developed in the -
United Kingdom and here, of combining geomettic and algebraic material.

'An important example of compleméntary curriculum investigations, exists
in the experience of each country with motion (or- transformation) geometry.
The S.M.P. program uses symmetry as the organizing principle for much of

~'its geometry. We can here observe on a large scale the efficacy of the

approach in the context of a’'related program. In the United States the
experiments have been'directed towards finding an effective intuitional
development of symmetry motions in elementary school, developing through
the jéhior high school into a systematic basis for geometry and modern
algebra in high school. ' These experiments have been on a small scale,,

“and not in the context of a related mathematics -course:. The United King- .

- dom éxperience can be taken as strong encouragement for the large-scale -

development of ‘the American materials.

<« 1Y

‘One of the claims most often made for the '"new math" is ‘that it

 teaches unifying concepts which help the student generalize and transfer
from one problem to another. The introduction of "gets'" at an early pri-

mary grade is usually justified in that way. It is. thus salutary that

-delegates ,from both countries felt that we are only coming to grips with’

" a unifying language and imagery. The role of "set theory" or "functions"

in concisely stating the structure of different branches of mathematics
was said to require more experience and sophistication in ma thematics '

‘than the student would have through his school years. A corollary is

‘that the introduction of such topics as setg and functions must avoid

~

“ " concepts.

being pretentious or formal. There was more hope and intention among

'Americans-tpan among Britons that the improvement of the curriculum would

eventually "permit gome revelation of gtructurally unifying signficance of

LY

Both groups stressed the importanqe of developing and continually

'3presenting‘good applications of the mathematical ideasegnd tools. The
_best ‘applications use the appropriate mathematics to.s

dy situations of
importance. They elucidate the modeling process giving the student the

power to devise his own applications. Unfortunately, mathematical state-

ments are usually {llustrated By an artificial question whose result is

- of little.relevance,,-often the mathematics to be practiced is not the

Iy
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 most relevant to the problem. In both countries there have been
-, collections made of good?applicatibns;-u : ! ‘ )
Good applications tend to go deeply into the field of the appli-
cation, 80 that more than the mathematics curriculum is involved. In
~ this country we are béginﬁing explorations of the correlation of the
_ mathematics with the science curricula. - The absence of science material .
in the United Kingdom elementary schools has left the matter of correla- °
tion less urgent. ‘ s : " ' ‘
o .. In the light of the need for good applications, the teaching of some
probability and a little statistics is very appealing. All of arithmetic
is applied in obtaining distributiong from data, and in.calculating theo- -
retical distributions. The mathematics of probability is in turn applied
to problems in almost every scientific and sociological endeavdur. Ex- -
perimental probability can be introduced in the earliest years, and the
theory developed as facility with sets, algepra and analysis is successively
“developed. The subject shows what so few laymen realize, that mathematics
 can deal with imprecise information and indeterminate models, -1 expect
‘that probability and perhaps statistics will soon have a major role in the
‘curricula of both countries. . - - S B
In present practice the British give more emphasis to cardinal numbers
" anid discret® algebraic systems, and in the United States there has been
-a tendéncy to develop -the concept of real numbers at an early stage, and
later treat fields and analysis. Present opinions in bo#h countries are
. widely divergent. . o S
The program of the conference directed us to discuss matters of ,
teaching style and method, as well as content. It ig perhaps surprising
that the United Kingdom emphasis on.informality in tZé'presentation of
mathematics is not correlated with strong emphasis on.an "open-ended
"discovery" classroom approach, We viewed a film ip which a deeply in-
- ‘volved Madison Project class was purposefully non-directed by Professor
,Rober%??avis. . Most, if not all, of the British present felt that the
nt§mcould not extract useful results from the emotional discussion,
or they iyestioned whether the usual'teacher could handle the situation.
Lest oneis still tempted to oversimplify the contrast of United States . °
-and United Kingdom attitutdes, it should be noted that Professor Dayis
has an interest in the teaching of axiomatic structures and some level | -
. of loglc to the very young'! L - ‘ ‘

Consideration was given to the results of behavioural science and
learning studies of psychologists. In both countries there have been
only minor attempts at devising curricula oriented about approaches

“suggested by these studies. Their results on perception and mental x -
gkills at different ages have been interpreted as indicating &@portéan‘
~ but not insurmountable obstacles to the goals of the mathemgfgfts curri-

.
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culum.’ The major %rograms.in both ceuntries take the findingsiof

. 1.psychologists-into account by, for instance, a careful developﬁent'of

)

spatial perception at the age they think it relevant. ‘A dore direct
- reaction to those findings would be to ignore specific typesjoﬁ-per— ,
ception until they develop 'nmaturally." Very little curriculum develop-
ment has been based on the latter reaction... . L |
Professor A. Gleason suggested a direct use of the educational
process that is perhaps best understood - the conditioned reflex. There
are many good reasons to concentrate on more interesting mathematics in
elementary school than the traditional arithmetic drill. Professor E. '
Begle had reported on a very satisfying SMSG experiment in which seventh
grade children behind grade level in computation were relieved of all
computation for a year. At the end of the year they -had, on:the aver-
age gained ‘two and a half years in arithmetic reasoning and :lso one
and a half years in computation! But there will be children!who are
' poor computers at the end of, several grades of stimulating and mathemat- .
ical ideas, just as there are at the end of several grades of boring

4

 drill, Professor Gleason pointed out that the skill of the behavioural

scientist at inculcating responses may provide a comparatively painless
‘and rapid way of remedying the situation for these children. '

The effect of .technical revolutions on the teaching of mathematics -
received much 4ttention. The British delegates were -impressed by’ the
appearance of computer consgles in many American Secondary'scﬁools._
Although there was little enthusiasm for courses. in programming as/such,

" integrated use of a computer in the mathematical course had wide appeal. o
Many advantages to the availability of a computer were cited.: In prob-
lem solving additional insight would be given into the procedure of
solution, even for analytically soluble problems. Application could be
introduced, for which the comparison of computed numbers with measured
numbers would not have otherwise been possible. The programming itself
was regarded as a training in careful, precise thought and in logic.

. 'On another level the use of a computer provided motivation to the stu-

dent, confidence through checking and a”releasé from boring computation.

~ The reaction was very different when attention was directed towards
. computers as teaching machines; that is, programmed to teach the student
-rather than programmedrby the student. The expectation was expressed
that the programming of sufficiently flexible and subtle teaching would
bd a formidable task. Very costly investments would be required in the .
highly competitive computer industry. It was feared that the resultant
- industry pressure may lead to early adoption preceding the proper dev-
,elopment and testing of tgaching programs. This would leave schools with
* the burden of expensive and perhaps harmful computgr-based teaching machines.

;The_recommeﬁdation;was that the mathematical cqpmunity should devote

.. serious study to computer-based instruction with the object. of producing

v
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 of carefylly prepared objective machine-scored tests. It would appear .
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"an'accéptable'prdduct-or at least being an effective critic.. The

British felt that'there'wa8~little imﬁediate.danger of funds being
available in their country for an-over-commitment, ' .

. The need for large-scale testing was.a matter of concern to the

. British,  This is needed in the relative evaluation of curricula

(as Yp the National Longitudinal Study of Mathematical Abilities of = -
SMSG) Mf not for'the grading of increasing numbers of students. Pro- .
fessor R. P, Dilworth presented impressive -evidence of the reliability o

that they\are more reliable predictors (of something!) than the con- ,
ventional Vessay type"'resﬁLnses that require careful reading. As , '
Professor D{lworth pointed out, an advantage of large-scale machine-

scored testing is the possibility of statistically analyzing pre-tests.

'The modified\test prepared on this basis contains a higher percentage

of meaningfuliquestions. The British expressed the desire for the help
of American begting experts in devising tests' of their own. = =

The growin 'exchahge of information'Between the resulting curriculum

‘development in Both countries will tend to bring them closer together.

However, differehces in organization and attitude, noted at the confer- |
ence, will condifion the relative direction of progress for some time _
to come. There 18 an existing difference in the standards for teachers .
(masters) and in the content of their training. Standards are more uni-
form in -the United\ Kingdom and on the high side of the United States .

"levels. The smallér percentage of college bound students in the United . -

{

Kingdom will be a factor in determining the content of secondary school

_instruction. The presence in the U.S.S.R. of schools specialized to

mathematics -or science was disgussed and the few American parallels
noted. This has impact on only a small part of the student population.

In the United Kingdom some specialization takes place in secondary schools

prior to college entrance, as it does in differing forms in the United
States. - ) ' .

"I detected a difference of attitude that may lead to long-term

differences in the curricula of the two countries. -The dominant Ameri-
.can attitude (remember the individual diversity!) 'is that some ability

to use the subtler mathematical ideas associated with symmetry, contin-

"uity, probability, and;modeling should be- widely diffused thrdugh the
population. In the United Kingdom the desire is, it seems to me, to

present these more esoteric topics to the general population only &t the’
conceptual level, reserving any formal command for the more "practical"

skills., Calculus, for example, is considered relevant only for &tudents . -

golng on to be scientists, engineers or mathematicians. There is clearly *
a division on this issue in this country, and this is not the place to 1\

hY
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present the arguments for either approach ‘But the next "wave'' here is
. likely to present .a program designed to enable the bulk of the popula-
- tion to make some headway in modeling and analyzing real situations -
. involving, for instance, probability. In the United Kingdom the more - -
‘formal material may be designed for the smaller population that is
_specially motivated and able. . : -

‘The direction of the reform movements may also be affected by
the relatively smaller participation of university mathematicians in
the United Kingdom, In the United States of America, university mathe-
maticians direct curriculum development groups, are on the textbook
writing teams, and are occasionally\in the experimental classrooms. It o -
was noted that sope internationally known Soviet mathematicians teach. '
classes of young children on a regular basis. In the United Kingdom
the university participation has mostly been on the level of general
formulation and advice. The writing, directing and participation in _
_ edperimental work 1s by schoolmasters, some -0f whom have been on Uni- v
= _ versity faculties. There is a handful of research mathematicians '

*+ . participating actively in the curriculum reform._

Most of the American delegates arrived at the conference knowing '\f
little of the scope of United Kingdom accomplishments and intentions '
in mathematics curriculum reform.\ It is my impression that on the. K .
whole the United Kingdom contingent was better informed of American - e
accomplishments, but. as poorly informed of the present direction of | . a
our thinking and effort as we were theirs. Only a few delegates from - -
either country had previouBly had sufficient contacts, such as in the =~ 1 -
African Program, to reveal their ortentation to each other. ' '

'On leaving we felt that.we had only\ scratched the Surface. Some of
‘us, previously ignorant like myself, had Nearned of the. important scale
on which new and very enjoyable courses hake been introduced in the
United Kingdom. 3 We had become familiar with\ the organizatiogs and some
"of the key 'people involved. Their special interests and their publi-
cations are.now fargely known to us.  This is a critical first step
1in being abl‘ito'efficiently gather further info¥xmation by correspon—
dence and in looking forward to working contacts. ‘Effective liaison
will undoubtedly expand rapidly from this beginning.. There was some
talk of long-term visits by members of one project to\a project in the -
other country. I look forward to another meeting of these two groups
-in which more detailed curriculum planning may be accomp '

| '
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. The Ditchley Mathematigal Conference

Particip;nts

. .

o-Chairmen

. Dr. H.'R. Pitt, Reading Upiversity
" Mr.-D. A, Quadling, Marlborough College

" UNITED STATES

. Mr, Ro W. Morris - . . : ‘.
~Mr. B. M. W. Young_ _

Professor W. T, Martin, Massachusetts Institute of Technology

Professor B. Thwaites, Southampton University

GREAT BRITAIN

 Professor W. H. Cockcroft, Hull University
- ~Dr. H. M. Cundy, Sherborne School
. Professor H. B. Griffiths, Southampton University

Dr. J. M. Hammersley, Oxford University
Mr. C. S. Hope, Worcester Training College

,Dr. A. G. Howson, Southampton University

Dr. G. Matthews, Nuffield Foundation

Mr, A, R. Tammadge, Abingdon School
Dr. A. J. Welir, University of Sussex

».
Mr, J. L. Aldrich, Education Development Center

Professor E. G. Begle, Stanford University
Mr. H. P. Bradley, Education Development Center

'Professor R. B. Davis, Webster College
" Professor R. P. Dilworth, ‘California Institute of Technology -

Professor A, Gleason, Massachusetts Institute of Technology .
Professor P, J. Hilton, Cornell University .
Dr. J. H. Hlavaty, New Rochelle, -New York

Y

" Professor E, L. Lomon, Massachusetts Institute of Techne}rgy '

Mr. R. S. Pieters, PhilliBs Andover Academy

- Dr. H. Pollak, Bell Telephone Laboratories o .

' GUESTS ATTENDING ON SUNDAY EVENING

Professor M, F, Atiyah

' Dr. M. J. Lighthill

Professor C. A. Coulson
Mr. R. Lyness
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'th ‘_“' " The. Ditchley Mathematic%l Conference

' "Professor’Bryan Thwaites
3 Westfield=Collége,.gampstead, England

1

The idea of the conference grew out -of three emergénf circumstances.

" First, there is a feeling growing on both sides of the Atlantic that the

‘first wave- of syllabus reform in:mathematics is nearly spemt, that the

- work of the initial set of major‘curriculum_study'groups'will 8oon be
. completed. Second, the emphasis on the similarities between American
- and. British projects'which-in-thé_past has been felt to be necessary for

the moral of the mathematical evangelists has recently been giving way’

to critical interest in the substantial differences betweer the approache$
of the two' countries. Third, personal contacts between individual members
of projects in the two countries have strengthened in the last two or three

years to the point of warm regard and friendship, to the point indeed at-

' .which some formal dialogue was becoming: feasihle.

~ In August 1965, therefore, Professor W, T. Martin of the Massachusetts
Institute of Techmology and chairman of the African Mathematics Program and
the- Cambridge Conference on Schodl Mathematics (cCsM), reform programs of a
non-profit organization, Educational Services Incorporated,* and Professor
Bryan Thwaites of the University of Southampton and director of the British
School Mathematics Project decided to investigate the possibility of a

 small Anglo-American conference on School mathematits whose deliberations

would help them to see more clearly the way ahead and, in particular,-the

" nature of the second wave of curriculdr reform which they felt was soon to

‘gather strength. They thought thgt a gathering of some twelve of the most
distinguished reformers from each of the two»tounﬁries”would be epormously
* profitable for both sides. N S o

Their idea Comiended itself to others, and, as a result, CCSM and ‘S.M.P‘. _

agreed to sponsor, jointly, a three day meeting of twelve-a-side, a kind of

confroptation at which distinctions of approach would be discuused construc-

tively in the light of the differing educational systems of two countries.

' The topics in.which distinctions were originally thought to hold special in-

terest were listed in the leaflet which served as an agenda:
A -~ : : . : :

1\ ‘Axiomatisdtion, and its role in mathematical education;
2. Logical processes, and the need for formal treatment;

3. Unifying concepts; ' B o

4
5

’ . .

4.  Relative emphasis on discrete and continuous systems;: :
'Adms and content for geometry, with special reference to its
study through transformations; = . o PR

é
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- met 'to plan the agenda in detail and their first conclusion was that the '
- discussed profitably at once in plenary session with only a short intro-
- duction prepared in advance by ohe speaker, whereas other subjects needed \

‘plenary session,

1. "Axiomatisation agd its role in mathematical education; at what
2. "Relativegimphasis on discrete and continuous systems" introduced e

" 3, "Special treatment for %Jghly giftedlmathematical-children" infro-

#List of particigants on page é*?iii. o X e , - "

. . . (\. l\* | ¢
6., The role of calculus and the lead” up to it; : Lot
7. The impact of ggmputers on mathematics, ' o . : T ﬂ/
.'
. 8,. Statistics; _
"9, .Linear spaces. S . * . . RN
- In the event, these were rather chan‘i’;. - T S
.0-. . . . '_ .'- . ’ - o e oL
2, Membershig o ' 'ﬂ- R o ; | ". L
_ While such a small'gathering'could not‘hope for complete coverage,
great care was taken over the choice of membership and the following '
who accepted invitations together held a brgadth of knowledge :and ex- - -
perience which, perhaps, has not been assembled before,*
.,\.. \ \-«. ', . . C . | . S .
. ] . . ) : . . T A . :
3. The Conference Procedure o '(/~\\ L I g

a
LY .

On Thursday 8th September the. Uw3 co-chairmen With four other members T

topics listed- above did not all do jystice to the total eXperiaaﬁe avail-'
able at the conference. They also decided that -certain subjects could be

~

examination in small groups EEfore presertation at and discussion by a t)!.f- )

ST -
The programme as . finally carried out therefore consisted of the fol-

Plenary Discussions

qQr

age and for what'people?"‘introduced‘by Professor H.B. Grifff{bs.

by Profes r P.J., Hiltor,

) , ‘_.c

duced byt Dr. J.H. Hlavaty. |

-

4. ugxﬁmining proceduresu introduced byiprofessof_R.P. Dilworth. “\"/J; :

i
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5. ,"Teaching and 1earning methods, computers in teaching, and S
: adaptation to cognitive styles" 1ed by Professor R.B. Davis. . E o e
S '6r“ "Aims and content for geometry, with special reference to its

study through*transformations" led by Dr. A.J. Weir.

S _ 7. "The impact of computers on: mathematics and on the curriculum" ;o
o 1ed by Dr. H. Pollak : e -

."L_{/' . _8. -"Statistics"_led»hler. J M. dammersley; . - : o
\';,'- -9, '"Unifying concepts; sets, functions, etc." led by Mr. D.A. Quadling.

10. "Teacher training and the shortage of teachers" led by Mr. C. S Hope.
S11, "Acquisition of, computational skill arithmetical operations" led
. by Professor A, Gleason. _ . ‘

12, "Commynication with the sciences at school 1eVe1'l 1ed by Professor
o E, L Lomon,* * _ - , : o : S
; s . : o
' It"was clear from the start that time was far too short for agreed
. conclusions to be reached. Group and plenary meetings were therefore
aimed primarily at exchanges of views between the two countries, the , _ _
1eaders taking the responsibility for producing working summaries rather - o
» ‘than firm recommendations or agreements. ' '
” :
Three types of reports are to be made of the cdonference. The first . _
will be a detailed account, almost in ‘the form of minutes, which will. - N
include the gubstance of - all the papers roduced during the meeting to- :
gether with €ull reports of the discussf?ns of these papers; fthis report , .
will be_available to th members of the conference only. " The"hecond ' '
will be an account d up by CCSM for the purposes of the various ESI
programs. And the th d is this report which is issued as an S.M.P,

' document~" " _ _ i . i \;//
B "It must be emphasised that ‘this present document does not necessarily N .
“carry the agreement of all the members of the conference; either ‘American = . =«
or British. Furthermore, its following paragraphs do not necessarily cor-.
respond to any of the topics listed-earlier., It is simply .an account _
written by the British co-chairman and issued on liis sole respomsibi .

NUwertheless, ‘every effort has been made to ensure that all ‘members
_ .had the opportuﬁity of criticising the first draft ‘of this report, anf. it
’f; SR is hoped that it fairly represents such consensus as was reathed on occasions. .
. - | | | N | . . | } \ i ' . .. | [ ,
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K ' The reader must bear in mind constantly what only. slowly was borne
- in upon the conference members, namely that in many, if not in most,

matters there is no such thing as an American view of a British practice,
an Ametican method or a British philosophy. In a country as vast as the
United States, there is room for every kind of experiment. Perhaps, how-
ever, in our much smaller country we should not be too complacent: too

. many university mathematiciané seem still woefully ignorant of the move- ..
ments in school curricula apd it is hoped that this Report will help to ' |

spread information in schools ﬁpd universities. . .- _ e .
. _ _ N o

, S  Finally, it is stressed again that the paragraphs&which follow are
Tt barely more -than notes about the matters which struke the E;korter as
T ‘being of the greatest interest and significance. They are 1In no sense
"at all a record of the full transactions of the meeting.
L Ty -
R . ‘
R

x ‘The trouble with talking about the curriculum is that it is difficult -
to know where to begin, but ¢nce begun it is impossiBle to know where to -
stop. - Nothing new can be sajNl within a mere three days, but there were four ..
~ points which seem worthy-of-'‘record. ’ . o : :

r

- .
o o . Coa - . 4
, L ~'I.. Geometry '

Over the lasé\few years the differenceg in the approach to géometry o
' between the two countries have been marked. Broadly speaking-the American
projects have centred on improving the Euclidean axioms, whereas British
projects have tended to bredk away from the Euclidean developmant of geo-
metry from a motion or vector-space poin® of view. A much more recent
. tendency in the U.S, is to build up the intuitive background for geometry
A over several grades before a large block of deductive geometry is attempted
o - and to experiment with a variety of approaches to'the deductive experience.
In the future, therefore, it is likely that intuitive mathematical experience
including a variety of ideas in geometry will be.emphasised in Grades 7, 8, 9, - . .
~  and that the more formal work based on thts experience will come later in
Grades 10, 11, 12, In contrast, mogt recent British development suggests
that more work on the deductive aspect of geometry will be introduced in the
next few years at late pre-0O-level stages. For example, ome would expect
that -Book 5 of the 11+ S.M.P. course woyld contain far more’ deductive work"
on geometry than is contained in the 13+ T ahd T4 books. The tendency to
treat geometry in'smaller chunks is part of a general trend to unify the R
entire mathematical experience and break down fhe large chunks of isolgted :
¢ material; but the U.S, system of year-long unixs in -any one topic is extremely
I difficul{.to chrange because of (the fierce mobility of, the populatién. '

t




II. Computers A . . | \

N _ In the U.S.A. several schools are already equipped with at least
-one console connected to a central time-sharing”cogputer - a natural
corollary to the fast-approaching situation where @ach scieatist in a
research laboratory will be supplied with immediate compu}er access in
his own room: The development of this facility seems a matter of hid-
- tofIbql”inevigsbility and is likely to proceed ever more rapidly as

computer technlogy reduces the size and cost of computing devices. o
Britain appears to be lagging most seriously behind both the U.S.A. and
the U.5.5.R. in this ‘and it may be useful to mention some of the great
advaritages of school pupils hawing immediate access in their classroom’
to a computer. First, there is .the undeniable motivation which the
actual control of the computer gives to pupils and which is not given
by a computer tg which programs have to be posted for return a few days
-+ later. There is then the possibility of mathematical experiments; for
example, ‘pupils can investigate hypotheses in the simple theory of numbers
which would be quite beyond their capacity without a computer, or they can '
investigate the effects of a parameter in a formula. For example, it is i
both a very interesting and a mathematically valuable exercise to investi-
gate the effect of the value of the parameter k in the following generali-
- sation of Newton's iterative formula for finding the squame root of a _
positive number A . b -~ S ' R 3
=dkxn - tﬁ-{l‘» _,",' ] , ) . -\., \ - :

S _(l _+ k)--xn‘u*' 1

.. . ) '

Another advantage is that in statistics significant work can be under- : _ .\:’
- taken since th¢re is no practical limit to the amount of data which cdn be '
fed in and indeed use of a computer should overcome that fear of numbers,
large or small, which so many pupils have. Obviously, the use by the teacher
and the pupils of a console in.a classroom would have a profound effectyupon
teaching methods and possibly also on the whole devefopment of the mathemati-
cal curriculum; it does not seem, however, to be - in line with.present thinking
» ~ that ;Qgre shouldjbé geparate courses about’' computers or their‘progﬁamming at
N ~ the secondary level. It should perhaps be finally mentioned that the use of -
N computers offers an entirely new way of beginning arithmetic at the grad¢ 1
N " level; some' teachers are already thinking of postpoing the development of ' y
| algorithms in arithmetic until a much later stage, say grade 5 or 6, and int-
roducing'tﬁe operations of arithmetic in a purely functional sense in the-,
_ earlier grades. Attention yas also drawn to the existence ln America of very
. small computers which would accept stored programs through .touch-button input
 which cost only about & 3,000 and are the size.of a portable typewriter.
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III. Statistics

It seems worth ‘recording a feeling which seemed to be quite wide-
spread that statistics and probability should not be treated as subjects
distinct from the main mathematics course and that much more effort ,

~ ghould be put into drawing statistical ideas from the general develop- -
~ment of mathematical curriculum. 'The age of 11 is certainly not " too
T ~ young for the 1deas of statistics to be introduced and it was also felt -
- to be unrealistic to rely on any substantial knowledge of the calculus
‘ when designing a sixth—form ¢tourse of statistics. This latter point
may lead to less emphasis being placed upon continuous didstributions .
than has been the custom. . . o c, Lo

o

. IV. Honest Applications-

_ An- interesting point arose when the typical hritiqh approach to
applied mathematics was contrasted to the virtual absence of physical
‘applications in many of the American programs. The British approach
as characterised, for example, by some of .the applied questions in the
: 1966 S.M.P. A-level examination, was criticised as being too abstract .
~. or unrealistic and perhaps_everyone'who talked about this -at Ditchley
- agreed that a mathematical curriculum should abound in all kinds of ex-
amples and applications drawn from'the real world but that these should
- display an- honesty' or a.reality which is rarély found at the moment. \\\\

v . . / ) . ) ) . -

5, Unifying Concepts

_ . "In view of the oft repeated claim of new curricula projects that .
. ' they present a treatment which makes use of the unifying concepts of
- gets, functions and so on, one of the groups spent some time in ex-
. 'amining.the meangfulness of such claims. This group seemed to conclude
' . that the notion of a function, for example, possessed no inherent power
. of ‘unification nor, indeed, had any special value as a pivotal point in
4 syllabus. The emphasis perhaps should 'lie mofe on the use of these
) ideas as a comporent of the normal mathematical vocabulary and the main
Lo value of many of the concepts which tend to be labelled "modern'" is
I that they. extend the word power and the area from which examples can be
drawn. In this.discussion it was suggested, too, that children should
be brought up ‘to be very flexible in their use of notation and should
be allowed great freedom in the way that they are allowed to get out
mathematical work. So long as written work can be clearly understood
and communicates the ideas in it well, then there i§ no need to impose
"standard styles of presentation. e
‘ , kg
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6. Evaluation .

__in the U.S. are not-attempting to make comparative evaluations ‘between
different curricula projects; even 1f this were thought desirable

“evaluation which is inherent in a programme such.as

'7._"Computerised Education

\ L L \‘.‘

»

|

. Two points are mofthy of record here. First of all, researche;§ ' .

(which it is not) far more infermation than is at present available

would be needed to serve as criteria for such comparison. Second, the

English team was fascinated to hear about the national 1ongitudinal S
study of mathematical abilities headed by Professor Begle. This has e
been running for four years already and has been planned on what seems '
to us a hassive gcale. The basic intention is .to try to understand

~ the interaction between pupils understanding and knowledge and all

the other influences whigh bear upon him, namely the teacher, the h
parent, his own contemporaries, his environment, and so on. To this

end the N.L.S.M.A. drew up a very long list consisting of practically

every question that anyone could think of asking about the effects of
a mathematical curriculum and answers to these questions have been
sought over the years through a multitude of specially designed te
covering many thousands of children. .It is expected that some of the

first provisional results from this enquiry will be available next year
By contrast, the number of people involved in evaluation in England is

very small indeed and -the results of such researches as are goidng on are

"
.

the S.M.P.!'s in which
material)is written over and over again on the basis) of classroom experi-

very little-known. Although one must not underestiwite the amount of

'-ence,_ should nevertheless be admitted that this procedure is- basically
‘a subjective one. - o : _ e

S v

s . . . : ' ",

One of the surprises ‘of therconference was the time which was spent in °

- .discussing the possfbilities ‘for automatic ‘education which are now just -

around the corner. - These go .far beyond the -ordindry type of teaching
aid with which we are more or less familiarin England; the flexibility

~ and ‘total contént of- a programmed learning routine 1s enhanced by several

orders of magnitude if the details of -the ‘routine.are stored.in a large

- compdter. In the ultimate state of’ development which:'¢dn be envisagedp

. 'at ‘the moment each pupil will have his own individual values of -a series
_of .parameters which desc¢ribe the charactaristics of his 1earning processes

~ rand current knowledge - ‘a suggested 'phrase for this set of parameters:could
-~ be "cognitive style." A pupil would therefore go into a crassroom‘ seat

_ himself at a congole ‘which would, of course, be remote from the central *.
‘ncompUtsr feed into the cohsole his "cognitive style" and aiso; of course&ﬂ

his ‘name and other information which will inform the computer where his

L o
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. -all kinds of examinations will be so large that even for no other reason T
examinations will have to be machine scorable but there is a natural reluc- '

‘ analysis made. On this basis, the contribution of the question to the examin-

’

.knowlédgs stands Qt the moment and from then on the computer would do the

rest, It would sejfiathe ‘pupil an example to do or a passage of text to read,

_ would. demand some sort of response from the pupil and then, in its turn,

make the appropriate response to the pupil's performance. In this way, the
pupil would receive infinitely more detailed care than any teacher in front

" of the class could give. And lest such a system be dubbed as too impersopal .
‘At should be recorded that such experiments as have already been made along

thése lines in America and also in Russia suggest that the pupil is very

'highly motivated by the response behavior of the machine. On the other
_hapd ghe teacher himself is released by the machine for much more highly -
indivdual and deeper work of his own with his pupils. It was clear that _
* the American members of the conference were very anxious about the situation

whilch is developing. in the United - States in which many textbook publishers
are. being bought up by computer firms who may be eager for quick returns.

| ~ony-their investment; there is therefore a serioys danger that computer
learning programs wi11 be issued after very hasty compilation and with-

out the deep research which such a revolutionary development in teacher
methods deserves. It may be that the British members of the conference

'took the view that "it cannot happen here'", but it seems that we sould be

wise in this country. to anticipate this development by setting up Yan offi-

‘clal unit to conduct research into this method of teaching.

T

8. - Examinationd’ | S

4 » . ! . -~

" Another prediction for the future is that the number of candidates in

tance onthe part of those who have,cherished their’'skill at setting and

"marking examinations of a traditionel style to admit that machine methods

can be as discerning. .
’ .

It is commonly argued that essay*type/examinations are preferable since
such questions enable the examiner to ;est deeper aspects of mathematical
understanding and to follow :the student's detailed line of reasonings How-"
ever, experts in-the development of multiple’ choice questions have devised
techniqUes which test these aspects by means of questions in the multiple
choice format. On the other Wand, the comstructive of effective multiple
cholce examinations is a very dificult undertaking and is not a job for
amateurs, The individual questions must be pre-tested and a full statistical

ation as a whole can be determined ‘Comparisons of the predictive ability
(in terms of future performance in mathematics courses) of well-preparad
multiple choice tests and comparable essay-type tests have shown that the
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'iﬁ&ltiple choice tests are at least as effective as the essay-type tests.
*. Research in England . on machine testing on the basis of multiple choice
questions should be pressed forward 'vigorously, preferably with the'ﬁﬁl%- -

" time help of a'c0n$ul§ant American expert. , y £\
Sy \.

- 7

9, Provision for Specially Gifted Children /.
' Very interesting discussions were centred upon whﬁt is now known
to be the Russian custom of giving special treatment Frow about the age T
'\ of fifteen to children with special mathematical gifys (and indeed other - \
subjects too), and it may be’helpful to describe eVez in a few sentences \
" the Russian method. The selection of specially gifted children takes \
place annually by means of the system of Olympiad examinations which are |
'fhorianised'at the city, region, Republic and Union levels. According to the .-
number of places available at each higher stage of the educational ladder T
8o the first so many successful candidates arranged_in order offmerit of o A
marks, pass on upwards. The teachfhg which a boy or girl gets in his school \‘
to prepare him for these Olympiad examinations is supplemented if he is good. _\'

¢nough by the work which he will do in his weekly/mathemati¢al{circle, which . \
is a kind of ma ematical club.. The distinctive eature.of these circles S
.1y that ‘the tutors and teachers at them are usually drawn from the post-grad- . \

' uate students or the lecturers and professors of the nearest university or _
institute of higher education .and it seems clear/that tremendous enthusiasm :
is engendered in these circles both for teaching| and for learning. For those . °
~ .pupils who pass-into tlie gpecial mathematical schols of which there are some
v hundreds all over the U.S.S.R. (over and above the four famous boarding spec-. vl
S " ial schools for mathematics) there is.a basic curriculum of six periods a R
' 'week mathematics and a further six periods which' are devoted to learning how ‘
‘to use compufers (as digital or logical machines). - us the training of thé - .
‘most able mathematical students.in the U.s.5.R. 18 heavily oriented towards . N
computers, In the U.S.A. the nearest resemblance to this system of strict
gelection by merit in a single subject are 'the advanced placement programs
. ngw so prevalent.. In the United Kingdom it could be said that the system
‘ % of specialisation in the:sixth-form is more or less equivalent to the Russian-
' system. What 1s therefore of interest is that there is a tendency in the.
+ . United Kingdom to reduce the number of periods spent in specialised study °
at the sixth-form level whereas in Russia and in the States there is a tend- -
_ency to increase it.  The increase on the one.hand and the decrease on the
other indicate a "coming together' of attitutdes on the need for such spec-
Qialisation. It seeéms certain that the discussions which we shall be having
- at the National level in Britain over the next year .or two about - the nature’
of the sixth-form curticulum should draw heavily on comparisons with.experi-
ences in the U.S.A, and U.S.S.R. . - R . . 4
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- 10, - Teacher Trainining - o

- One point only is here reported on the,discussion about the very o0
 difficult problem of teacher training and especially of the up-dating
and in-service training of teachers. A most interesting feature of the

. American reform scene in the last few years has been the production of

" large numbers of films which are aimed at helping the teacher to learn
how to present the new math. Many Englishmen have now had the oppor- .
_tunity to see many of these films which, as a consequence, have come in-
for some hedvy criticism, We would therefore like to stress here, '

. while the English film effort is still in its earliest stages, that to

~be effective a film has to have a most precise objective which must it- .
self be explained fully and in detail during the course.of .the film itself.”

11, Pa:ticipation of'ﬁniveraity'M@theméc;gianakin Curriculum Reform.

One of the outstanding differences between the American and the English
- methods of curriculum reform lies in the degree of_partigipation of univer-
sity mathematicians and in looking to the future fwo points seem to be worth
 making in comnection with the English situation. First, the English univer-
' sity mathematiciamfias hardly been involved at all in the reform movements
and yet within the next few years is going to be hit :{ the products-of.igg
first wave coming up from the schools into the univer ties, It may be
‘that many university departments have not yet fully realised the influence
that ‘this first wave must necessarily have Bn the style of first year teach-

ing and the ndture of the *university curriculum especially in the first year, ' .

Secondly, although the first wave of reform in England has been on the whole

‘most successfully carried out by the efforts of school masters thete must
be some doubt as to whether the depth- of mathematical knowledge and experi-

 ence.in the schools can be sufficient for a proper development of the second
" ‘wave of reform, It seems quite clear that the consensus of opinion both ”

in the U.S.A, and again in the U.S.S.R. is that university mathematicians
‘must continue to be deeply involved in reform 4f it is to be successfully
‘carried on, Finally, it was the feeling among gany membeks of the confer-

. ence that our two countries have much to learn ‘tom Rugsia,- and we make .
no apology for once again referring to the U.5.S.R. - &nd observing th
degree of commitment that some of Russia's top research mathematicians have -
in school-teaching; as one example, Professor Kolmogorov devotes about one
half of his total teaching time to schodol-mastering and pevhaps at the least
"4n our two countries we should honestly answer the question as to whigther

.. we are not losing something of essential value by having rather diﬁ‘ rent

© Customs, = . ‘ ' o _ . . ‘
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12.  Some Concluding Remarks

: c This conference was really a deck-clearing operation; no one quite _
. I . knew whether all the bric-a-brac of experience they brought with them was P
N - going to be usefully piled together or was going to be swept away for )
o action of another kind. In the event, much less time tharn as expected
... was spent on details of mgthematical syllabus and for two main reasons:
. first, there was a mutual recognition of the huge, influence which certain
_ developments were:likely to have on the whole structure of mathematical
"education, and second, there seemed a tacit acknowledgement that the first.
wave is indeed nearly over and'that the job of the leaders in the two '
countries is now to plan & controlled build-up of the second wave. In all
. this, many.members of th eonference felt that continued working contact. '
“between American and English researchers would bring substantial benefits
and a suggestion was heard that, as a small'start, a year's exchange should
be made between two authors of the S.M.S.G. and S.M.P. teams. Certainly, '
the English team left Ditchley profoundly impressed by the depth and profess-
ionalsm of the latest American work in the field of- mathematical curricular
¢ research, and we from England must conclude this report b thanking, once
again, the American side for having put aside the time tchome. '
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Introduction -

_ In the summer of 1963, a group of mathematicians gathered in Cambridge,- K
‘Magsachusetts, at the irvitation of Educational Services Incorporated to )
. digcuss the'current state and possible future of mathematics in the .
 elementary schools. The group adopted:the name, Cambridge Conference
"\ on School Mathematics (CCSM) and issued a formal report Goals for
. School Mathematics (herein referred to as Goals) which was published
o by Houghton Mifflin Company, Boston - _ L

. The CCSM presented proposals for mathematics curricula for the
schools of two of three decades hence which were considered by many
to be radical and ambitious, but it agreed to defer consideration of the °
important probtem-of .teacher training.. While the outstanding work of
the Committee on the Undergraduate Program in Mathematics (CUPM) has
given promise of alleviating the shortage of teachers .adequately train-
"ed to handle University of Illinois Committee on School Mathematics '
(UICSM), Qchool Mathematics Study Group (SMSG) and other material re- _
cently developed, it was clear that further steps had#to be taken in 7 = |
~ the near future if‘the_ggglafprojection of the mathemat¥cs curriculum ‘
. % - of a couple of decades hence is the accurate one, or even approximately
v the right one. Accordingly, during the sulmer of 1966, ‘again under a-
' grant from the National Science Foundation, the Cambridge Conference
‘on Teacher Training (CCIT) was held to consider the crucial question
of preparing teachers to teach'ﬁ.Goals—liké curriculum in the elementary
. schools. ‘The group of 33 was composed in the main of persons holding
" university positions in pure or applied mathematics or statistics. .
. ‘Several American school teachers and British mathematicians involved S .
" in curriculunt improvement attended the sessions. : -

o *  The many divergent views expfessed‘iy_the participants did finally
- ‘polarize aroupd two fairly distinct points of view and produced the out-
lines of two curricula,which they believed would adequately prepare
teacherg to cope with any elementary school mathematical material that
may be developed to meet a Goals-like proposal.- It is i eresting, and
perhaps significant, that although the two outlines are based on quite
~different premises, they turned out to have many common poigts and to.
. ,

. . .t . . . ) b R - . .. " _\‘ . ) .
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- differ less than migﬁt be exbected of two programs developed ifidepen-
- ‘dently of each other. .A brief summary of ‘these two proposals’is pre- -
- sented below, ' ' . ]

. 'The CCTT also discussed several other problems which affect the

v trdﬂning of elementgry teachers; such topics as the general environment

" of the elementary teacher, the uses of mathematics specialists, techno- .
logical teaching aids, and the participation of mathematicians in ele-
mentary education. 1In addition to the curricular, proposals, specific.
recommendations were made for the preparation of materials for use in
training teachers, for the dissemination of information about curri- -
culum developments ‘and experiments, and for the continuing education
of teachers. Thege are aldo summarized below. ' .

Curriculum Prop?sal 1 ;,

» Both proposals started from the'a‘sumption'that students would

enter the program with a background approximately equivalent to tenth

¢ grade SMSG mathematics. The groyp working®on this proposal .first ela- .

" borated the Goals outline for K-6 to gain more insight into the needs
of elementary school teachers.. (This more detailed outline for K-6

~ -appears in Part III of the complete report.) What the group sought were
topics in mathematics that would pe quite new to the prospective teachers,
would: demand of them only a rudidentary knowledge of mathematics, would

- deepen their insight into mathematics, would offer good prospecté of ., .

- enjoyment, and would reveal similarities of mathematical structure with
the topics in the K-6 curriculum. 'Courses A (one year,)B (one-half yeat,)
and C (one-half year) were the result. =~ . -

' The main topicsiof K-6, of course, are arithmetic and geometry. The
group looked for a topic that would use elementary arithmetic ajd apply.
to geometry —this led tq the choice of matrices for Course A. Since the ;.
early-stages'og/the studxﬁéf matrices involve only thefrpst'elementary
knowledge of/atithmetic, he prospective teachers, while developing an
" algebra with prOpegties difgerent from those of the ordinary number sys—
'.tem,'wpylﬁpat the same time'have an opportunity to review the rules of
arithmétgc in a context in Qgich the basic -laws have greater interest.
As the cOurse progresses, matrices are related.to transformations of the
ptane and thus used to study ‘gepometry in the context of motions. Further, -
' //Ehe notion of angle is studied 'g connéction with rotation matrices, .
- . / ‘pffering a natural introduction to a eertain amount of trigonometry.
/ -w. ‘ - a . |
Ve o -Analytic geometry (lines, circles, triangles, inequalities, convexity).
' -Matrices ‘and thellr operations (up to 3x3). - :
_~Group properties of matrix multiplicatfon (emphasis on 2x2) .
 -Systems of linear equatidms. . ’ k
Study of certain linear and affihe transformations of the plane,
Tusing matrices (enlargements, tréPslations, reﬂqctions,-shear,..,)f
. . . - _ .
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-Sense& aﬁgies, sine and cosine, measurement of énglés. A '
- .. -Elements of vectors (via Cartesian coordinates). : '

\ B . =Composition of transformations and the associated matrdx multi;

AN - plication. - i : - . .

N & . ~Transformations of equations, with application to the development
,\3 ' ... of ellipses and their equati&ﬁb from disto;tions_of circles,

. e ~— L - ' o ' S
~ Course B undertakes to illustrate the close ties between abstract ¥ .~ ‘.

" 'algebra and the arithmetic of numbers. .The algebraic structure emerges -
“from a study of polynomial functions, which also allows an introduction. ,
_£0 the formal differential calculus-of polynomials. It is then’ brought BN
" into, the open by a discussion of the algebra of integral domains, and N
finally driven h€me with an introduction to'the theory of numbers, during
T which #requent references are made to parallels with the earlier poly- ~
A nomtal algebra. ° IR o ) ' .
' - : -Funét;ohs (concept, examples, representation,_operations with, - :
" inverses). s ' ' ' ' T

~Linear }unctions'(graph and slope). ' .
: -Quadratid\functions'(examples and mqtivation; graphs, zeros).
~Quadratic formula. B 7 : L
'=Polynomial functions and polynomial algebra. S
- -Integral dowains., - S
« ° =Elementary gumbet\theory. ‘
. =~ ' : \ . .
. Course C is devoted ty applications of mathematics to sciénce and ‘
" society and to certain mathematical topics which seem particularly amgnable_

' to an approach through real problems. In .additlon to as many examples as-

possible, and some exposition of the nature and yse of computers in the R
. "applications of mathematics, it contains the followi}F mathematical topics:
L .:-Systems.of linear equations and optimization problems.
‘ . =Intuitive calculus. S
" -Probabjlity and statistics. . . }

jLogic,(if'time'permits);_ : - . S .

~_"Curriculum Proposalf2//ﬁf\‘ ' L

L]

' The second group began with the premise that the prospective ele-
> . mentary teacher may well have acquired attitudes of uncertainty, fear,
‘and hostility toward mathematics, and therefore first priority should go
.- toward choosing courseés which will rekindle the student's interest and
* puild *confidence by‘developing his power to cope with mathematical ideas.
In particular, this precept should take precedence over the notion tpat
all materials in the K=6 curriculum must he covered. Nevertheless, it
‘was felt that four semester-length courses will be needed. ' :

. The courses are divided into short, relatively independent units
_which the sd&cond group felt had several advantages, primarily flexibility,
and the repj%ted fresh starts for students who fail to understand cer-
tain topics. B . : '

\
L
' : ‘
. . .




N ‘;; 1 . The‘inciusionlb e léhlué iswjust{fied.ﬁy the féct that the real.d ) ‘ .

L number éystem is importgnt in mathematics less for intrinsic'interegt -
e -+ 4n it, than for the many _comple and useful structures of higher mathe-
I maticg which it supports. The ‘second group felt that some introduction
to the.powerful ideas which evolved in the 18th and %%ﬁh‘centuries from.
the real number system (vector geometry, calculus, probability theory)
should be an essential part of the\?lementary teacher's training.- d
_ This group dgvised two. curricula, the second (Alternate) program -
. ’being considered to be somewhat mgre difficult. The topics to be cov-
f’ered and approximate number of class. hours are listed below. .. ~ .

kd

Sampielprdg;ﬁm S o . ' Co _ S _— -
.\ Course I: Number theory (16) - s,
! PR . Vectors in the line and plane (8) - ' . \ "
L Transformations and functions (12) . S e
, Cpuré_e II: The reallu‘qnhmber system (25) : _0 T R \
S Combinationg and probability (12) - - I, N
. ;{i‘jﬁ' i - ,Courég III: Intuitive differential calculus (22) | "‘ﬂ o o

L . . X . Linear transformations ‘and matrices (15),

 Course‘IV;'Isometries'and symmetrf_grdups'(lZ)o'

: . Quadratic forms and conics (10) - : : o,
" Intuitive integral calculus (15) '

_ Alternate sample program, . K

4
. Course I': Circular functions and complex numbers (10) " R S
" The real number system (16) R : : T
o " Counting problems and induction (8). - C o
. Functions (6) « S

" Course II':Vectors in the line, plane and space (20)

| Coo _ _ | » _
‘.. .. [ Course IIIERingé‘and unique factorization (20) - . Y
. T - Computational Q@ttix'thebfy and applications (20) -
.Cburse~iV':intuitive integral calculus (15) :9 T

. Probability (15) - :
- '+Statistics (10) o
or }mpossibility of angle trisectior (10) .. -
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t-Coﬁmittee on,"School Mathematics

' only expesure to caurses affecting their shor
-, the need. for courses that adequgtelyfprgpare‘phem.

. +are incld

Lo

‘ S TR AR
o yoo - ; v -
. . ' General Considerations = , o

I .

l.rom their beginnings such groyps as the University of Illinois
d the School Mathématics Study Group
have been construbtively concerned with teacher training.
must build ‘upon their work and continug to advance the general line of
the commendable and’ immediately applicable CUPM recommendations for eler
‘mentary teachers. The CCIT proposals are aimed (hopefully) at a time
when the CUPM recommendations will have ‘been strongly implemented.
” : - “a . ’ : ; oo
The elementary teacher has a éhortgvocational lffe_expectancy.
three or four years a large percentage are no longer teaching, althwu
' some return to the classroom two to twenty years later when family demands
have- diminished. Thus for many teachets, thetg;eagrvice'training is thelir,

. [ i . ] :
- 2, The €onference believes that mathematics specialists can make
“important contfibutions-to‘élementary‘education by teaching mathematics
to the students (either independently, or in cooperation with the elass-
room teacher), by conferences with classroom teachers, by curriculum agd =
test pl ning, etc. JIndeed, some seventeen poss ble uses of specialists
8Sded in the report. To train these mathematics specialists, the -

“report suggests
. lum*for mathematics majors. _ Lo

~

N - \_?ﬂ: S

. NI
o . . e

R

W

o fﬁk Meral- are included in the. report.
.fbquQm@utef—assisted instruction, with ‘the general conclusi
. Ysthere are grave dangers involved in this process, the future potegtial-,

‘ Af%-promiging.’.

eleflentary mathematics specialist. .
_\\gl_;/‘ ‘Recommendations
. Y
" » [N . )

y “'*qua, 3.. The Conference membérs were‘bgowﬁ some forty mathematics educ-

fon ‘£1lms’ and-some individual comments—about these films and filws in
There was considergble gliscussion -

w4y There 4re two very direct ways in which mathématicians may con-
tribute to teacher training., The first“is by cooperation with schools

" or departments of’educatjon in their universipies. Specific actions

.include cooperation in curriqulum planning and teaching courses in the

- education school. . Another, less direct, means of aiding in teacher o
"training is §e% the mathematician to teach some classes of elementary
studentg, 1.e., the mathematician performs one of the functions, of the

I. The Conference produced guidelines for the construction of
program for training :future elementary ischool teachers. The next
is tq take off “from the outlines given in the Report and.produce
‘;o be used in experimental classroom situations, and finally to revise )
this material for’ general distribution, To accomplish this, the Conference

. ¥ ' o ) A . ) . .
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recommends that three (or some such number) mathematiciang be com-
.missioned to spend a summer individlially developing material. In the
following yepr each would try his material on ag experimental class
_of prospectfve elementary school teachers at his university. The
writers would get.together the following-summer t® compare noteseoOn
" thelr courses, revige-the material, and bring out a version that could
be tested on a large sample in many colleges. Af this larger test
* and subsequent revision, a final version WOuld ve published fbr general
use. . o

II. Even after text materials for the proposed courses are avail-
able, their accéptance and use will depend on effectives—widespread and
systematic cotmunication of the aims of the report to the faculties of -
teacher training institutions and school administraters. To this end
it is recommended that regional meetings, involving mathematicians and
professors teaching mathematics courses for elementary teachers-be held
on a regular basis, modeled on ‘those of CUPM. It 1s also recommended
that professional mathematical organizations be urged to include in
their meeti?gs sessions relating to elementary mathematics education.

_ The Conference also proposes the establishment of a quarterly ’

~ journal consisting of reports on experimental work in pre-college mathe-
matical educatiori, These brief réports will serve to keep both the
curriculum experimenters and;the mathematical community informed of -
'the current activities of other groups. .

II1.. Continuing education of teachers is becoming increasingly
important as. the change -of mathematics curricula becomes a stéady-state
situation. Summer institutes are valuable and should be continued, -but
the Conference feels that thest are insufficient., The typical schedule
. of.a teacher gives her little or no time for class preparation during
‘school hours. She has little or nothing to say about the curriculum
taught or the texts used. The ‘@onference recommends that elementary
teachers be freed’ from some classroom time so that .they may ‘prepare - -
classes and. take in-service courses. The Conference also recommends
that -~ sabbatical system be established in the schools to enable
' teachers to return to colleges for more intensive and prolonged study.

N
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~Cambridge Conferences and Teacher Education S
_ - Earle L. Lombn
. § S A s
s e o e
. ' -t v . - ) . )

_ During the summer, of-1963, a group of twenty-five professional
mathematicians and scientists met in Cambridge, Massachusetts to review
school mathematics and to 8liggest goals for elementary and. secondary
school mathematiCS'Yrograms. _ The report of this conférence, Goals for
School Mathematics, has'prov?ked widespread: discussion amohg mathematics

- educators. : . _ ,~ , S .

- | A | . _ . -

In that report, a large range®of new topics were suggested for in-
clusion in the elementary school. Some of these topics, to. my \knowledge, _
were not even used in experimenfal classrooms at that time, although most
have been tried in small scale experimentation by now. Among the more

..

‘relevant topics with implications for teacher education was emphasis on °

the real number system in the early grades. Chiltdrgh were introduced to
inequalities, and general laws applicable to all real numbers at one time,

., rather than to integers, then rationals, then real numbers as the child
progressed in school. 1In the third and fourth grades, symmetry, trans-

formation, vegtors; and elementary Diophantine problems were recommended.
Before the end of Ehe-eleﬁénRﬁf& grades, mathematical and experimental
probability was introduced. Intuktive “calculus was suggested as early "

"as the th or seventh grades,, although this was not explicity built | ¢

e

into the curriculum. - '

Educating teachers. to adequately teach content such as that outlined
above was the focus of a second Cambridge Conference, held during the sum-

_‘mer of 1966.2 A cruclal question of that’conference, and of this one 1is,,
: . & ’

" bﬁ,ééﬁ“fé%ehers be prepared so they adequately handle rapidly evolving
mathematics programs with some depth, range, and a@venturesomeness?" o

Teacﬁing the content suggested in the 1963 conference requires sig-

teachers to . Developing in elementary teachers this adequate understanding

‘pnificantly ééeater background in mathematics than is typical of elementary

' of mathematids was viewed in the 1966 teadher training conference as the most

important task that can readily be agsomplished.' A large portion of the re-
port discusses college curricula and approaches by which schools of education
and mathematics de%artments might better prepare teahers.

..-‘ / , . o . , . _ .

- . ) i .
! . . : ’.
! ' . .
. R
o )
'y 3 . . ’ - .

.. Mgogls for School Mathematics:' The Report of the Cambridge. Conference on-
‘SchoMd Mathematics, Houghton Mifflin Co., Bostom, 1963. |

-2The report of this conference, just published, 1is "Goals for Mathgmatical
- Edgcation of Elementary School Teachers:" A Report of the Cambridge Cohfer-

ancg on Teacher Training, Houghton Mifflin, Co.,.BostonT\1%€7. , 7(;
S Y . : - . .
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. The increased amountrof mathematics envisaged in the 1963 report
is equally challenging for the pupil as for the teacher. . How can they
be expected to learn ten times more mathematics in approximately the

f‘i same time? The 1963 conference suggested several teaching strategy

’

13 ‘

approaches that might facilitate pupil development. Three of these are
important for us. B '

The first was the spiral approach in teaching. The first treatment
-o%.a topic was to be on an intuitive or concrete level, Then another
topic Was developed, then the first topic considered again on a slightly
more formal level, using-some of the ideas*from the intervening topic.
‘In this way a combination of the effective use ¢f intuition, concrete
experience, and carefully developed content would-greatly. accelerate a
pupil's rate of learning. Properly combining topics shoild improve the <
~ efficiency, of the learning process through cross-referencing. L

The second suggested change that was hoped would ‘accelerate learning

was in the selection of topics. The stimulation of exciting topi¢s and

compelling open-ended applications may challenge many children to spend
- a greater proportion of their time In mathﬁmatics. N N '
Third, it was hypothesized that more germane thinking may result
through the discovery and dialogue techniques than through a normal
‘. expository presentation. ‘When challenged, -the child must establish .the
correctness "of his views. . He can not rely on the authority of the teacher
as ‘a crutch. Discussions among pupils in his class becomes more of a goad
to-him than a squelch. Experience with these approaches convinces us that
_they are effective in accelerating the elementary mathematics program. Hope-
fully, too, the same kind.of acceleration can be accomplished in training
prospective teachets, .
. : L . . . o,
Conferenqe on Teacher Education '

. - .. 4
The 1966 Cambridge Conference on Teacher Training relied upon the
€xperiences of the University of Illinois Committee on School Mathematics
(UICSM) and the School Mathematics Study Group (SMSG). Both had been
involved in workshops, summer institutes, and courses on teacher training
ditected toward new materials. Relevant also was the previous, formulation
of goals for pre-service mathematics for elementary school teachers by the
Committee on Undergraduate Program in Mathematic8 (CUPM). Experf¥nce in
implementing CUPM goals provided data on the effectiveness of these kinds
of materials. The problem that CUPM worked with was of a different mag-
nitude, however, than one that would provide sufficient background to

i . tegch the: content outlined in the 1963 conference, If preparation time ..

" For teachers remains at the same level as suggested by CUPM, more effi~ "

cient time utilization is a major concern.

.~ Two alternate fourrsemester“college math courses are suggested by the
1966 report for elementary school generalists. _One alternative stresses

contact with the K-6 curricula, as written and developed in the 196‘ repor_t.s-,
. ] .‘ . T o .

.

MGoals for School Mathematics:" The Report of the Cambridge Confefence on
1 ,

- School Mathematics, Houghton Miff]in Co., Boston, 1963,

38"
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. In fgﬁt, they rewrote parts of that curriculum so it was more explicit
for their purposes. They wanted to insure that college students, were x

" taught ideas that'are germane 8o that which would be asked of them by
such a curriculum. At the same time they wanted to present the college
_‘“\ studant with fresh and exciting mgterial rather than some sort of re-
- hash or previously studied congepts. accomplish these two object-
tives, this group suggested thgk the Aontent be built around matrix
_ . algebra and transfomrations. They felt that this Was a new topic for
Ny ' ‘the college students, that presented new algebraic properties, that
showed them that not everything in mathematics behaved 1like numbers, "
®  and at the same ltime had many applications and contacts in ‘the K-6
’curriculum_propoéed_by'the-1963 report, - L : .

i _ In the seconyd alternative program, the group was more wary about
o the flexibility and depth that would be achieved by the college student. .
They felt that a solution for their problem was one’ that involved shorter °
.units which were self-contained and which allowed students to influence
. thé course to some extent. In thgir proposal, students could select from
~ geveral units those that were intrinsically interesqing and exciting. -
: . 4
+Another topic-discussed at the conference was the role of the mathe-
 matics specialist. Seventeen differént activities for the mathematics
speclalist are shggested.". He might teach a class or special courses,: . :
be involved mostly with testing, concern himself with curriculim planning, ..
and experimentation, and consulting with teachers, parents ¢r studemts. .
One of their primary tasks .is simply to remain current with 'changes - N .
occurring in the mathematics curriculum. S . o \
. i - i : . .
The conférence stressed that the existence and importance of spe- :
v cialists was not predicated upon.elimination of the homeroom environment
) ~with its close child-teacher relationships. There are many .intermediate -
" systems possible in which the specialist is used in various capacities,
and children spend most if not all of their time,. with one teacher. -

g - The conference also advocated that adequate ' opportunity be given to
. _ the in-service teacher for continuing his education. The related ques—
s . tions of salary schedules, time devoted to classroom instruction, and B
sabbatical leaves were crnsidered._
_ More specifically, the conference recommended that thé Education
Development Center should sponsor small writing and testing teams to devel-

- op materials for pre-service education. Two professors- from an educgtion
department and- two from a mathematics department jointly would write
appropriate mater 4ls. ‘The materials could then be tried provisionally, -
rewritten, and tried again as polishing progressed. One such effort has -
been initiated at Indiana University by Dr. George Springer. This summer
several -faculty are writing materials, with experimentation slated for
the 1967-68 school year. In addition, Drs. E. Weiss and S.Z. Sternberg
areiwoifing with faculty at Boston State College to implement & similar plan

.

Y
e

- . ""Goals for Mathematical Education of Elementary.Schooi Teachers', op. cit.
* : ‘ po 30 B ’ .
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in which students work for a concentrated period each trimester rather than
in a. regular course, o S _

g .
One intriguing suggestion 1ncluded in the appendix of the report
1s'aprbposal for a model-city project., Obvicusly planning and imple- |

‘menting such a project would require the combined efforts of many people

from several disciplines. In such a city, teachers would téach twenty
pupils' three hours per day. Parenthetically, I would suggest two teachers.
in some classrooms, .one working with the group while the other concentrates
on individuals with ‘learning or discipline problems. {The cost of such an

"educational program in, plant and faculty is about three times that usually
~epent.

. Such a cost is not prohibit*gt% Most of the public 1s convinced
that education is important,.but they must be convinced that spending
three times as much' money will do at least twice as much good. The model
system would be an opportunity to demonstrate that it can.

Y

:Implication[ and Extensions - . - e

pformat is afgo ‘essenti
m

_approach. They mistakenly feel they must be prepared to answer almost all -
- questions students ralse about the topic. Such a requirement certainly

.any one topic, eeveral others becom
‘ treat them .at that time.

: ° : o :
_The recommendations of the Cambridge Conference on Teacher Training

lare_important and undoubtédly ‘should be part of a teacher preparation

curricylum, But it is inadequate to meet certain needs of the elementary
school teacher who accepts the challenge of this type of curriculum. In

. particular, the teacher needs to feel comfortable in teaching a rapidly

changing curriculum. Obviously "this can not be accomplished in pre- °
service etlucation. To ddequately handle difficult and changing topics,

‘inyservice education must be confinual. -

\

Training and confi ce in using open—ended material and a discovery
afgn Prospective teachers must not- only know rele-

vant subject matter, but also effective. teaching strategies. So often, when

faced with unfamiliar subject matter to teach, the imstfuctor reverts to

“a teaching style with which he is familiar and comfortable, Many are

insecure in teaching new content with an open format or question-answer

N

limits the boundaries of class exploration.

Further, teachers often want well-defined objectives for each class

.session, With such a procedure the goal must be defined so as to be

achieved in a class period, This[is clearly incompatible with an open

~ended or discovery approach. In Jny opinion it is undesirable to package’
_content in neat little bundles. Tt is imp¢ssible to do so if the teacher
honestly follows the argumentation and reasoning of the childrem of the class.

Rather than utifying mathematics c¢ t, it segments it. When considering
ident. 1f possible it is better tb,

60
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Lo In some of our experjimental efforts, we have worked with teachers '
) on a one-to-one basis, An Interested teacher cooperates in teaching a -
% new unit. We work closely together, conferring perhaps once a week,
' anwering technical questions, -obgerving her class, teaching the class, ,

“ then discussing her observations. On that basis, the:teacher usually
does a marvelous job. She gains the spirit of a modern approdch to
mathematics and this spills bver.into ‘her other work. While the quality"
of such in-servicd educatiop 1s good, the quantity is %tdiculous. The

'« problems in today's schools could never be solved with such aa approach.

Could this same technique be used on a many-to-one\basis? We selec-
ted two schools in greater Boston to work with. The in-service program - ¢/
- was centered around symmetry motion® from geometry and related topics '
¢ for the elementary school. : Thes¢ same units had been used pieviously. -
Gengral discussions were héld every week or two, sometimes with university
faculty present, sometimes in teacher group discussion and plagning. . ~
Teachers were encouraged to telephone the university people at ‘sny time '
'y . for immediate assistance: While two or three teachers readily capght
i ~+ ‘“the spirit of this mode of teaching, ‘the general results were less\than
. we expected. Most qid not get their feet wet enough for the procesg to
L) bear fruit. - E\\

-

r S - . :
Robert Davis of the Madison Project has organized summer workshops
" in large cities such as Philadelphia, San Diego, New York, and Chicago
‘to extend teachers' understanding of this process of teaching Direct
involvement of participmts is an integral part of the workshops. Ele-
mentary pupil material is taught to them while they pretend they are _ _
children. This, of course, raises some difficulties as one 's pretend | . . @~
level fluctuates. The participants then practice teaching the material; -~ .
P to each other. Theilr direct experience in the process gave them con- . o 1)
fidence ‘that this teaching strategy would work, and that they could ) .

o

handle it.

The Madison Project does not extend farggnough. To insure saturat}b.on~
of the discovery approach to teaching, thisrgnruld bé a major, teabhing .
technique throughout 'a teacher's training. Further, the contént should '
be extended to include the ideas incorporated in the 1963 Cambridge Con-
ference; not limited to isolated lessons as presently handled. The in-
service experience should be. extended to. indlude frequant contacts with
new material workshOps during the school year. . . N

: What are the implications of these experiences for pre-service
Straining of teachers? The discovery approach should be part of the teaching
.\ technique used with these prospective teachers. The 1966 Conferernce advoea~ -
- ted a correlation between the methods and content courses in college. This
_ does not go fak enough. This relation-must.-be.more. than that,there are two
v types of courses. Some, perhaps all, of these courses should be-so integrated
' that content 1is taught in the same way as advocated for teaching children 1im
elementary schools. While this approach illustrates effective teaching
strategles, it also 1is the most eﬁfective way for the college g'tudent to .
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learn. They too ghould beqefit.fromﬂhaving to think, reason, and amnswer
‘questions for themselves. ° . '
Ir combination with this, the prospective teacher should spend sev-
 eral hours each week in schools working with children all during their
program. Opportunities to try out techniques used with them, and o '
‘test their effectiveness, would build up confidence. To wait until near
tha end of ‘their c7llegg undergraduate program is too late. Motivation
and discriminatibn in a student's. professional coursework—is adversely
affected by lack of immediate and continual contact with children. '
A\ :

" ‘Correlation of Science and Mathematics = _'. o

*_ In ten days, a third Cambridge Conference will begin. This conference
will solve no problems for you, and will likely create™a few. For three
‘weeks, a group of mathematicians and scientists will study the -correlation
of mathmatibs'and-science;n These fields are so closely related that more-
-effective”learning_mightfresult-frqm careful interrelation. Minnemast and .
 the American Association for the Advancement of Science (AAAS) projects
" have developed:some curpiculum‘prqgrams'using mathematics as a tool in

. science, ~Whilé'mahynrecognizg;thevimpbrtaﬁCe”pf this approacly, the range
_;wof'pogsibilities;is great.- A conference ‘stressing ‘the goals of such a
L combipatfon,gurriéﬁlumfiaIVitalth;thisﬂﬁime.' Ope potential.approach '
in integratihé°ma;hematiés~a9d-qgienge_might:simply;pe to ‘toughly correlaUJ -

ff“ihe]COn@ent throdgh:,reciprpcaliagreement, withgéach*diséigzine'identifying
' 1 ' ed.' At the

“that content -needed ‘from thé other, and the time it’was"ne

S

7" gther extreme; the two ‘subjects would be tredted as one, _Every lesson-

%ould "involve mathematics and gcience'togethe;,ﬁeach,dépéndentzon the

~ other. To le rn science ‘one must'be able to handle mathematical models; "

%, and ‘to"maintain the momentum and intuition in mathematics oné must have
'”“ﬁghallepging'prqblems-from.scienCe.' e P
__'”Not only will the generalist in the elementary,SChooi}nee&"toﬁbe_ﬁw

adequately trained for teaching mathematics -and for teaching sclente; =

but more than that he must be able to treat hoth.together. 'The problem -~

ig not nearly 80 crucial in the elementary gchool with its tradition of &

~ generalists as in the secondary school where teachers are specialists. T
The elementary school presents a great opportunity ‘to experiment with this .

- .approach to hahd%ing'scieqce and mathematics. o £ -
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.4Underwodd'S¢h901, Newton (January 18 - April 7, 1967) -

'geometry to second. grade and fifth gr#de-classes.‘i

between reflections, rotations and translations. :

~

' _ S

e APPENDIX I

SELECTIONS.
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v R . ¢ yINTER - SPRING 1967 PROGRESS REPORTS =~ o
S . . ¢ . VOF i " . .

- FEASIBTLITY STUDIES (CCSM)

-

Consultant Acces Scheme.

I

Januafy 20, Marion Walter gave deomonétration clésséq dn ipformal

To plan course work based on the demonstration classes, Walter and

‘Lomon met with nine teachers (the teachers were Miss Byron, Miss Davies,

Miss Flanagan, Mrs. Hauser, Mr. Hunt, Miss Kuhl, Mrs. Nadeau [assistant
principal], Miss® Scully and Mrs, Stewart, and the principal, Mr. Atkins),
on January 24, Reactions to the January 20 demonstration were expressed.
The teachers Baid that they found the presentation most important in up- -
derstanding our intentions. They were given the written guide for the '

informal geometry unit. ~This guide is oriented toward the sixth grade

level. Added to it was a report of past first and third grade classes . _ -
with suggestions for further work with young children.  Most of the con- e
cern was-nqt with questions of mathematical content. ;In the first meet- o

" 1ings the teaéhers had been most concerned about obtaining fuller explan-
ations of the mathematics ard where it was leading. This time the only

mathematically related questions appropriately probed the differences

The teachers asserted that'they could begin classgs on the basis
of Miss Walter's notes and the demonstration classes. They were urged
to phone Miss Walter or Prof. Lomon with questions ising between class
sessions. Four classes promised to carry on with tife material. It seem-

- ed likely that other” classes would try at least a part of the material.

During March there were telephone conversations with two of the teach-

ers. Miss Walter also had discussions in the course of visits to the school o L

for other purposes. , . o AN :
. x : _ e : -
/Waltgr«and Lomon find that two aspects of the acﬁiviéy at Underwood
are not meeting expectations. First, the number of class sessions per
month being devoted to this material is less than the desirable once-a-
week, Secondly, they are not taking advantage of telephone inquiries to
the extent .that seems neeab¢.' They do not seem to have severe difficulty

in teaching the material. Several of them (not all) claim that their sched-

~ ule allows them insuffdcient time to plan the lessons and prepare material.
They are uncomfortable with the development of a skill and 1ts related con-

cept over a span'of,sev?ral lessons, being used to a self-contained dingle-

", L S SRR
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s We think it may be advisable to enco1kage telephone interviews by some.
. administrative means. Perhaps an initia schedule of class would "break

s

the ice." = ! oy

'

" Lexington Schools (January 18 - April 7, 1967)

In Lexington the sessions on inequalities and probability have pro-
ceeded on a regular basis.. The "Scope and Sequence" chart of the school’
system alldws the teacher to choose the actugl-material to be used im
reaching the over-all goals. Thus little difficulty with "getting the
‘regular program done' arises. W A '

: ' T : - .

Several meetings were held with Miss Lyn Mclane, Mrs. B, Fitagerald
- and Miss K. Dillmore. In addition, telephone contacts with those teach-

ers have averaged about once a week and have proved very.usqfuLC '

/
*

~Underwood School, Newton . (April 7 - Jupne 3, 1967)

On May‘A, Mr. Atkins reported by phone that Miss Flanagan was near-

1y finished with Marion Walter's "Informal Geometry" and had started to
., work with ‘'Symmetry Motions" of an equilateral triangle. Mrs. Stewart's

<o

- class was working on the symmetries of Ej andxéis compounded motions.

. She reported that her SMSG work (grade 4, part 2) was proceeding quickly
and credited that fact to the class' work with informal geomety. Mr.
‘Hunit ‘was also finished with much of the infomal goemetry. Miss Flanagan
phoned Lomon to describe and discuss her start with symmetr{ motions of
‘a triangle. : ' S L -

Lexington Schools (April 7 --June 3,_1962)

- . _ i
" Between April 7 and June 3, Miss Lyn McLane anducted gseven sessions

on probability with Miss Kubasiewicz's sixth grade class at Hancock School.n_

They found ogin gsentences that matched the values of their range and peak
‘results for

ckel spimning. They used these sentences to maké predictions,

some of which they checked. They then began discussion of and experimenta- -

tion with the cdmbined outcome of several (presumably independent) events.
‘The class has accumulated strong evidence for several assemblies of ipdiv-
dual events on the appropriate counting of separate elements of the sample.
set and of the relevency of multiplying elementary probabilities. ' '

 met three times and communicated by phone, four times in the preparation of
these lessons. Tapes were made and notes prepared by Miss McLane. '

4

Lomon observed and assisted at the lesson of May 4, McLane and Lomon °
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o - Toward Integrated Scignce and Mathematics in the Schools : -
. = — — | ,1 = T _ ,‘.i_
, *  Last summer the Cambridge Conference on School Mathematics held a con~ :
. ference to discuss the relation between science and mathematics in'the public
gschools.* Participants included about twenty-five mathematicians, physicists,l
biologists and chemists. Among these were representatives of several well- '
. known -curriculum reform projects. Most qf the group had previously attended
geminars held in various parts of ‘the country during the year 1966-67. A
full report of the considerations of -the Conference is in preparation and will
be published in the coming year. The present selected Qutline_isaintenaed'only'
_as an introdudtion to the AAAS‘Symposiuonf-29 December 1967. - ' '

-~

During the conference; the .topic was considered from many points of view;
from broad questions of educational philosophy to concrete problems of develop-
- ing specific experiments. While no one would claim that such'a‘targe-topic was -
. exhausted, the majority of tMose who were present would like to™ake several
recommendations which, while notze?}irely'nogel,'would have far reaching-con-
- sequences when carried out. ’ - : - -
It was generally agreed that the advantages to both subject areas of
. emphasizing their organic .connections. would far outweigh any disadvantages,
SR . éspecially in elementary schogl. An integrated math-science. curriculum will _ Lo
L be difficult to implement,.anﬁ perhaps the greatest difficulty will be the - . R
' problem of training teachers to handle the material. Nevertheless it -.appears ‘
that, an integrated curriculu designed to bring out these connections is nec-
essary in view of two facts;/ quantitative thinking is the essence of the power
+ of the scientifi¢ method; many pupils are unable to grasp the connectiens
betWeen the mathematics they are taught and the real world. This curriculum
" . -would comprise & variety of units and activities which could be variously—

" described as: - , : . - _ _ .
- Math for math. ~ . = | | o /.
" - Math for science , : . : o
- ‘Math and sg¢ience _ A o /;.
. - Scienc¢ for math : I o o

9

~ Science for science

Of these five categories, only the first has any long history in the schools,
- while science in any sort of quantitative form has only recently been intro~
‘ duced below the high school level. In‘the third category, where science and
L mathematics play synergfstyp roles. in explaining the world about us, we—have
L very little classroom material, indeed. Yet it is in this category that we
o must put our greatest effort if we are to succeed in conveying the symbiotic
'\“ relationship between mathematics and science that characterizes the modern,
'basically scieltific,world. . = o : . ’
| : - . - . . -
\ Units for a comﬁined curriculum can and should be open-ended, always
" leaving the opportupity for the talented student. to go deeper. Such units
: | _ have the potential-Zf being more "real" and "honest" than is possible in the |
" . individual subject jareas as they are now divided. There should be a "bank" ;
_-\ of units which preéent at many levels all the important facts, theoretical '
\ . 1 N \T\. ) "7‘* - N S .

-

- B
: N

.fdf\;ist of participants.
\ .
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'1"]§ée Appendix B,_page vi,
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oo conhepts,-and-matheﬁatical sttuctures. With such a bank, the teacher could
* . indfvidualize instruction byjintroducing units dictated by. the student's - '
_reaétions and needs. The teacher will find‘ that the combination of scieiice
and ‘mathematics imposes a natural mixed style of exploratory observation and .
i dis#ussion followed by some organization of facts and theories. This style ‘
/. of finstruction imposes a great burden on the teacher, and to facilitate his
wo%i it will be important to"Have'a teacher's super-manual which catglogues
"and describes the available materials and suggests possible. sequences of
R ~units relevant to the pupils' recent experience. S _ . -y

4
4

'ﬁ‘:‘ S ‘ Clearly, it will be some time'before such a system can be put into oper-' . §

/ ‘ /étion. Beginnings ‘in this direction have been made by some 6f the materials o R
developed by SMSG,#AAS, and, in partiéular, by MINNE-MAST. Much effort at- '

the conference was devoted tg changes that could be adopted very soon. Most

- of these explicit changes are discussed within the framework of mathematical

categories, probably because the mathematics at this level is more structured

‘and because there is so much more experience withgmathemqtiCs teaching than

" with science teaching. ' - | ‘ o

Some of the '"'mew math" programs have virtually outlawed the use of numbers
to which units are intrinsically -attached, such as "8 nches". These are known
classically as denominate numbers. Lengths, time intervals and weights have a
reality that is-in some respects greater than the reality of 'pure numbers",
and the relationships among these-quan{ities'are governed by the physical
reality exyperienced by children. These entities may all be regarded as elements
of an appropriate mathematical system that is, admittedly, more complicated
than the system of pure numbers. The algebralc structure of these entities is |
often avoided by resorting to the concept of measure, as in "the measure in
inches of a one foot unit of length is twelve'.. In'spite of some. formal com-

‘ plications, -a systen that gives meaning to the more convenient statement '
: " Mone foot = twelve inches" is more desirable. This implies 'a great deal more
attention, ‘starting in the earliest grades, to the problems of measurement .

\_ " Another aspect of measurement 1is its connection to rational numbers.

\ The relation can be developad by teaching that measurement leads fundament-
| ally to an interval: "The length of this stick is between 5 and 6 inches".
A ® Successive refinement of the intervals used implies the need for ratignal

\ .~ numbers. The idea of rounded measurement -(e.g. to the nearest inch) is

s

.
e a—

valuable, to be sure, but should be taught only after the idea of interval
\ ' 1g thoroughly understood. This change would be very helpful both in ¥cience ’ _
o and in more advanced'ﬂathematics. g ’ ‘ S o : v

\FJ»;\ In school the topic of "ratios and proportions' has tra¥{tionally taken :
|~ -an undue share of time and trouble. It was concluded that this should instead
‘ arise as a specigl case of functions, a topic of far wider interest and power.
. Functions are the most frequently used models of reality and are thus central
to the math-science correlation. The concept of functions should thergfore -
be developed from very early grades. Proportions are simply linear fupctions,
and ratios and the numerical coefficients asgociared witi these functjpons. Tie
linear function, and hence, ratios, can be treated using graphs fromfgrade one.

/

*_ . ‘ ’ Y




‘challenging questions. ' - =
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to examine functions starting from their "graphs is made, the periodic func-

tions obtrude. They too can become famiIiér“BbﬁgstS'long before they are

asgociated With_‘trigbnometry_. oY ) '
. e. . - .

The Confleyence once again questioned the very long time now devoted to.
mastery of spefific algorithms for long multiplication and long division.
Most-of the ¢ nferees thought that the time could be better spent on learning
estimation and to use the slide rule or desk calculator. .In the meantime, '
the algorithmic method can be é&plored_by'the students in fgfponsejto the

»

, - Qur world is not twb4dimensional.- Many children and most adults have
great difficulty in visualizing three‘dimenéiqnal objects.  An enjoyable ex-
perimental approach was proposed involving the study of polyhedra, s irals and
snail-shells, and highway cloverleafs. We even built a kaleidoscope big encugh
to get into.;-(Children'love it.) ' ' o . -

Although'the Conférence was unable to discuss. computers in any detaily it

was recognized that the computer has_maﬁy contributions' to make in mathematics

and science education: it can serve'as a teaching machine; it can do darge amd
othhpwise-impossible calculations that would make ‘some experimen‘z-im ractical,
A sttident who learns to program is obliged to organize his ideas caréfully

. Even the simplest programs are more demanding in this respect than the hardast.
- algebra problems considered in high school, yet junior high school students
. are eager and able to‘@ccept_the challenge from the machine. : :

Probability and statistics are topics of central importance for a combined
math—-science curriculum and are clearly important for experiméntal science.
At the same time they are best developed in an experimental context with dice,
coins and urns and in tests of hypotheses concerning more realistic systems. . °
Probability by itself is too abstract for children, but inferential statistics -
makes the subject come alive. A tentative outline, involving both experiments
and theory, was prepared for grades one to twelve. This outline suggests.

“that the use of. rank ordering and-similar non-pgrametric methods can lead to
. effective statistical.gﬂferences with a minimum of analytical teals.

The success of tie general approach proposed here requires the development
of a series of individual units which excite and involve the children, develop

" their cyriosity and abilities and honestly represent the challenges of life's

problems. The three week meeting permitted only the barest beginnings in
these directions, yet activities were started involving microbe cultures, pro-
duct testing, random walk phenomena, sine function generators and the instruction

of various three dimensipnal figures. We advocate continuing efforts of this

kind with- the collaboration of mathematicians and scientists - engineers and - -

"artists.

.o S O
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© + .. AREVIEW: .
" "Goals for thé'Cof:&latioﬁ'of'Elementary.ScienCe and Mathematics:"*
. The Report of the Cambridge Conference on the Correlation
' - of Science and Mathematics in the Schools '
' A ~ John R. Mayor
-Ayeriban Association

e ' for the-

.

Advancement of Science , | B .

(From "The Arithmetic Teacher", March 1970, pp. 271-272)

»

This report deserves wide attentich., ‘It could become one of-the

- most important educational pronouncements of the decade. The report

 sented d8 a majority report, along with a range-of opinions o

forthrightly identifies issues that will become critical in the next.
decade and suggests ways in which solutions may -be found. Ih%}s pre-

the
conferees, It seems certain that few readers will agre€ with all of
{ts implications. On the other hand, it is equally certain that all
readers will be'stimulatgd;'and some may even rediréct their, thinking’
about elementary school mathematics and &cience. '

- The conference was organized‘ﬁy the Cambridge Conference on School .

" ‘Mathematics, a part of the Education Development Center, Inc.  *The

' National Science Foundation provided the support. "Andrew M. Gleason

. *teacher participated. = _ = /7

‘was chairman of the conference. "Among the thirty particlpants, seven

- can be idegtified as university‘mathematibians,,six as members of-uni-
_versity physi¢s departments, one from éﬁémistry,‘§§? three from biolqgy.

Engineering and medicine were also -represented. -elementary school

{ " The report consists of an introduction, five. chapters, gnd twenty-
five appendices. The chapters review the broad goals of education for

" the modern world, the implications of these goals for the mathematics-

. clagiagrercises, a number in sufficient detail to be trie

science curriculum, topics in the curriculum, teacher training, and rec-
ommendations for immediate implementation. The appendices describe.

' out by -the
‘tea _of mathematics or science in the elementary schpél. Not all of -
these are new, but many of them have probably ngv en tried in an
-elemegfary school. Among interesting titles of the appendices are:

. "he Kaleidoscope," "A Highway Cloverleaf Theorem," "Sampling and Trd-

“+... The value of dialogues on important issues of our time, inclading

S
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cer Techniques with Houseflies," "A Fine-Grained Normal Distribution."
: S o N {
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C s | and curriculum experts, personnel of the publishing industry, pro-

h<- periences of the. student."

.MK—ii‘

-
o [ N

'educational;isspes, is emphasized in the statement of purposes.of the
_& conference and report. A call is made for dialogues on correlating .
elementary ‘school science and mathematics among profeasionals who

,__' _ know and use the subject matter (mathematicians, scientists, engineers,

and also lawyers, physiaefans, and architects), school administrators

‘fessionals from schools of education, classroom teachers, and represen
~atives from foundations. The report is addtessed to all of these groups
with’ the ‘hope that dialogues will-begin.

The proposed integrated curriculum seeks to increase“the rele—
vance of mathematics and science to each'other and to the daily ex-
While the greater importance of this re-

port is long-range, that is,’ correlation of mathematics and science

in another decade, the recommendations for immediate implementation N
_'are also important. ' Something can be dpne about these now. % No long—
. - range goal will be achieved without a beginning. This beginning X
Mepends first on th} needed dialogues, but it will also depend upon '
°,N-Jsuccessful implementation of many of the recommendations of. chapter . . =
'.fﬁuvl Samples df these recommandations are:v o '
) . a) -Each\pathematics curriculum project now functioning ' E . f .
should add to its staff ‘a specialist in contempor- '
‘ ary schence curricula and, the other way around;
S '.each sclence curriculum staff should include & spec- - : : .
.o * i1alist in contemporarylE,thematics eurricula. P
. b)' Methods cpurses for teachers should be- coordinated 0 ;
. - with strong, rigorous content courses offered by .
v . academic .departments. (This is not & new idea, but
-, . *1it is one that is rarely ﬂmplemented )
: _ “” . -
- c) Colleges and universities should" begin to develop .
" . courses designed to train mathematicg-gcience spec- . .
alists, and to organize summer institutes for . :
L , eachers func&ning, as mathematics or science . ' -
¥ . ’ specialists. - . : N ) ' '
"d) . School *systems should move immediately towards _ :
' . . unification, at administrative levels, of all . ' ‘ o
. curriculum planning in elementary school sciéhce ! '
and mathematics., ' ‘ '
., e - - o . N . L%
e). Each teacher should add to his ¢lassroom program ‘
.+ at least one m&thematics-science unit each 'school =~ .
year. ; , . R L ' ' .
f) The teacher should try not only the\aVailable new’

. science and mathematics materials,but also some of
: thé activities presented in this report.,




o | | : I T O | .
This report should be rquftedVreading for many of the persons to
whom it is addressed. It develops a provocative topic for discussion
_groups at professional meetings. It is an essential reference to all
cgrriculum planning groups in science and méthematics._ )

T
& '

This reviewer is clearly biased in favor of the point.of view that °

Q

B so succinctly set forth in the report. Furthermore, one who has had -
extensive experience, in curriculum development in both mathematics and
scillence, the report makes crystal clear how far we have yet to go, and
it Sypports an inference that the mathematics curriculum groups have-
furgher'to go than the science curriculum grodpsu The_challknge of the
., . report isrproperly directed to mathematicians and-to mathemaﬁics teachers.
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